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Chapter 1

Introduction

A robot is usually defined as a virtual or electro-mechanical artificial agent.

Today, commercial and industrial robots are in widespread use, performing

jobs more cheaply or with greater accuracy and reliability than humans. They

are also employed for jobs which are too dirty, dangerous or dull to be suitable

for humans. Robots are widely used in manufacturing, assembly and packing,

transport, mass production of consumer and industrial goods, surgery, and

weaponry. Recently, robots are gaining space in houses, as vacuum cleaners,

lawn-mowers and toys. The above mentioned robots often work under strict

men control.

Robotics is a vast field of study; an important application subfield is mobile

robotics, that concerns many topics, such as space exploration, traffic control,

factories and warehouses automation, or logistics. A desiderable feature for

robots that perform earth and space exploration is autonomy. One of the key

question a real autonomous mobile robot should be able to answer is “Where

am I?”. In other terms, the robot should be capable of localizing itself in the

environment it is exploring. If the spatial model of the physical environment

(the map) is not available, the robot should acquire it, while localizing itself

with respect to the map. This problem has been well studied over the last two

decades, and goes under the name of Simultaneous Localization and Mapping

(SLAM) problem. Towards the goal of building truly autonomous mobile

robots, SLAM is generally regarded as one of the most important problems by

1
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researchers in mobile robotics.

The difficulty of SLAM increases with the size of the environment, and

specifically with the size of possible cycles performed bt the robot. An issue in

SLAM is the ability of the robot to close the loops, i.e. to recognize places that

have been already visited, after a journey. Because robot motion is inaccurate,

the longer the journey, the bigger the accumulated pose error will be. Teams

of cooperating robots could be employed to overcome this problem, but also

to perform the exploration and mapping tasks more quickly and robustly, and

to increase the quality of the map.

Multi-robot SLAM is a problem that has been tackled intensively only in

recent years. Almost all of the work has been aimed at 2D environments.

Additionally, nearly all of the research takes an existing algorithm developed

for single robot mapping, localization, exploration, and extends it to multi-

ple robots, as opposed to developing a new algorithm that is fundamentally

distributed.

This thesis main contribution is a multi-robot SLAM algorithm for a team

of mobile robots that have to build a 2D map of the environment with line

segments, representing the feature uncertainty in the measurement subspace

(M-Space) [9]. The M-Space feature representation allows one to specify the

line segment feature location and extent (feature space), while expressing its

uncertainty in a different space (measurement subspace), corresponding to the

partial information provided by the robot sensors. The uncertainty is expressed

in a frame attached to the features, so to avoid the lever-arm effect, i.e. the

feature uncertainty dependency on the location of the feature itself.

The SLAM problem is formulated as a state estimation problem, where the

state is composed by the robot pose and the features parameters. The state

estimation technique adopted to tackle this problem is the Extended Kalman

Filter (EKF). Initially, the robots perform SLAM independently sensing the

environment through a laser range finder, estimating their pose and map by
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using the EKF. When the robots meet, the independent maps are fused to-

gether using relative distance and bearing measurements [30], thus making no

assumption on the initial location of the robots. The estimation error covari-

ances of the two maps are transformed accordingly. The map fusion procedure

is described for the two-robot case, and can be extended to larger robot teams

by repeating the procedure for each pair of robots. After the alignment, the

enlarged maps are searched for duplicate features. These duplicates are used

to impose constraints between the two maps via EKF updates, thus improving

the map alignment quality. Each robot get a different version of the same

merged map, that is used by the robots to continue performing single-robot

SLAM, until they meet and share their information again.

The thesis is organized as follows. Chapter 2 provides an overview in the

state of art in robotic localization and mapping problem. In Chapter 3, the

M-Space feature representation is introduced. The single-robot EKF SLAM

algorithm is described together with the SLAM-related main issues, as the

feature extraction from laser raw data and the data association. Chapter 4

describes the map fusion algorithm, that is the base of the multi-robot SLAM

technique adopted. Experimental results of the single-robot SLAM and multi-

robot SLAM algorithms are shown in Chapter 5 and in Chapter 6 respectively.

Concluding remarks and future research directions are outlined in Chapter 7.



Chapter 2

Localization and SLAM

The key requirement for a robot in order to achieve a true long-range autonomy

is self-localization. In fact, almost every task an autonomous robot is assigned

requires the knowledge of the vehicle position and orientation (in brief, pose)

with respect to a global reference frame. Since the 1980s, the problem has

been deeply studied, and several solutions have been proposed, allowing the

determination of the robot pose, given a map of the environment. However, in

real-world applications an autonomous agent is often called to face more chal-

lenging situations, where the operating environment is only partially known

(uncertain map), or even completely unknown. In all those cases, such as ex-

ploration tasks, or missions in hostile environments, a mobile robot must build

a map of the environment it is navigating, in while simultaneously localize

itself within the map.

For this reason, in recent years, the research in mobile robotics and AI

has focused on the study of efficient solutions to the Simultaneous Localization

and Map building (SLAM) problem. Despite significant progresses in this

area, the problem still poses great challenges. At present, robust methods for

mapping environments that are static, structured, and of limited size, have

been proposed. Mapping unstructured, dynamic, or large-scale environments

remains largely an open research problem.

This chapter is organized as follows. An historical overview of the robot

localization problem is introduced in Section 2.1. Some of the most popular

4



2.1. ROBOT LOCALIZATION 5

techniques proposed in literature to tackle the SLAM problem are presented

in Section 2.2. Finally, the recent work on multi-robot SLAM is reviewed in

Section 2.3.

2.1 Robot Localization

Robot localization has been widely referred to as one of the most fundamental

problems in mobile robotics. The aim of the localization problem is to esti-

mate the pose of a robot in the environment, given a map of the surrounding

space and sensor data. Most successful mobile robot systems to date utilize

localization techniques, since knowledge of the robot pose is essential for a

large number of robotic tasks. Although extensively investigated during the

last three decades, the localization problem is still an active field of research,

because of the lack of a single, generally appropriate method. Surveying the

vast literature on mobile robot positioning [3] [27], it turns out that there is

no universally valid solution to date.

The heterogeneous localization methods proposed so far in the literature

can roughly be categorized into local and global techniques [10]. Local (track-

ing) techniques incrementally update the robot position estimate. They require

the knowledge (at least approximate) of the initial pose of the autonomous ve-

hicle and they cannot typically recover from a possible failure of the robot

position tracking. On the contrary, global techniques are designed to esti-

mate the robot pose even when the initial robot configuration is completely

unknown. Clearly, the global techniques are more powerful, at the price of

higher computational and memory requirements.

Mobile robots are usually equipped with several sensors, generally distin-

guished in two classes:

• proprioceptive sensors are all those sensors measuring quantities related

to the robot itself, such as encoders, gyroscopes, accelerometers, com-

passes;
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• exteroceptive sensors are the proximity sensors (infrared, sonars, laser

range finders, millimeter wave radars), cameras, stereocams, omnidirec-

tional cameras, and all other sensors performing measurements on the

external environment.

Fusion of the two kinds of information is usually obtained via some filtering

technique, the EKF being the most popular.

2.1.1 Local techniques

The simplest method for tracking the position of an autonomous vehicle is

dead reckoning. Derived from “deduced reckoning” of sailing days, it denotes

a mathematical procedure for determining the current position of a robot by

advancing some previous position through known course and velocity infor-

mation, over a given length of time. In its easiest implementation, such a

technique is usually referred to as odometry, since the position of the vehicle

along its path is directly provided by some on-board “odometer”. Optical en-

coders, directly coupled to the wheel axes, are the most common sensors suited

to this task. Because of the easiness of the computation involved, and the in-

expensiveness of the sensory system required, practically all mobile platforms

are supplied with odometric modules [3].

A more elaborate dead reckoning implementation is given by the Inertial

Navigation Units (INUs), used in Unmanned Aerial Vehicles (UAVs) [4] or

in robots that move on legs. Position estimate is computed by integrating

measurements of rate of rotation and linear acceleration, provided by gyro-

scopes and accelerometers respectively. Both odometry and INUs are prone

to systematic errors (kinematic and sensor models inaccuracy) and stochastic

errors (noise affecting the measurements). Unfortunately, the integration pro-

cess, underlying the principle of dead reckoning, leads to error accumulation.

Off-line calibration procedures aiming at minimizing the effect of systematic

errors on odometric systems have been proposed, but unless additional infor-
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mation from some absolute position sensing mechanism is used, the position

error grows without bound, as the robot moves on. Notwithstanding these

inherent flaws, dead reckoning still represents an effective solution for tracking

the pose of a mobile robot, as far as short-range navigation is concerned.

2.1.2 Global techniques

Depending on the representation of the robot surroundings, several global lo-

calization methods have been developed. One of the most common descriptions

of the environment consists in a map given in terms of landmarks. A land-

mark denotes a remarkable feature of the environment which, depending on the

sensory system, the robot is able to successfully recognize in successive time

instants. They are usually classified in artificial and natural landmarks. Natu-

ral landmarks can be thought of as objects or features that are already present

in the environment and need algorithms of feature extraction from raw sensor

data. Artificial landmarks are specially designed objects or markers placed in

the environment, that is properly modified with the sole purpose of enabling

robot navigation [3]. Most techniques exploit angular and/or distance mea-

surements with respect to landmarks having known position, to compute an

estimate of the current robot pose.

A different description of the environment is represented by occupancy

grids [19]. They consist in discretizing the robot space into cells, marked with

a score ranging from −1 to 1, representing the belief that the corresponding

region is occupied, where −1 denotes a certainly empty cell while 1 denotes

a certainly occupied one. In this setting, the robot pose can be estimated

by matching a local map, built from the current sensor readings, against an

a priori known map. A measure of the goodness of the match between two

maps, and hence a trial displacement and rotation, is found by computing the

sum of products of the corresponding cells [6].

In recent years, several probabilistic techniques for tackling global localiza-
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tion problems have been investigated. For example, Markov localization com-

putes a discrete approximation of a probability distribution over the whole set

of possible robot poses. The techniques proposed in [5] [23] represent a first

application of Particle Filters to mobile robotics problems. The main idea is

to approximate the posterior of the robot pose by means of a fixed number of

sample poses, or particles, generated according to probabilistic models of the

robot dynamics and of the measurement process. This approach enjoys several

appealing properties: it is able to deal with arbitrary distributions; the update

of the estimates, given the observations, can be carried out in constant time

(it depends only on the cardinality of the particle set); its accuracy increases

with the availability of computational resources, as more particles are used.

It is worth noticing that EKF-based methods can be regarded as Markov

localization algorithms as well, provided that a unimodal Gaussian is used to

model the robot pose. Experimental comparisons have shown that EKF-based

tracking techniques are usually more accurate, but are less robust, since they

lack the ability to globally localize the robot and to recover from localization

errors.

To overcome this problem, the Multiple Hypothesis Tracking algorithm has

been proposed in [16]. Bayesian hypothesis testing is applied to combine the

Kalman filter estimates of robot displacements with all the possible ambigu-

ous associations measurement/landmark. As new features are extracted, the

number of valid hypotheses decreases and eventually a single location is de-

termined. The robot pose estimates can thus be represented by multi-modal

density functions, to achieve global localization.

In [11] [13], a different approach is adopted, based on the assumption that

both measurement noises and model uncertainties are unknown but bounded.

This hypothesis is motivated by the fact that a bound on the measurement

and model errors is often the only available information in several practical

situations. This choice naturally leads to a set-theoretic formulation of the
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problem: all the estimates are derived in terms of feasible uncertainty sets,

defined as those regions where the quantities to be estimated are guaranteed

to lie. For more details about the set-theoretic approach, the reader is referred

to [13] and the works cited therein.

2.2 Single-robot SLAM

In Section 2.1, it has been pointed out that several methods for localizing a

mobile robot are available, using a priori knowledge on the surrounding envi-

ronment. Similarly, the task of building an accurate map of the environment,

given the exact robot position has been widely addressed [24]. However, in

several real-world applications, both issues have to be tackled simultaneously,

because a map of the working space is not available. In those cases, the harder

Simultaneous Localization And Map building (SLAM) problem has to be faced.

The agent must build a map of the environment, while simultaneously local-

izing itself within the map.

All the proposed SLAM solutions can be roughly categorized into three

main approaches: topological, grid-based and feature-based. While the maps

based on the former approach describe the connectivity of different places, the

last two approaches relies on the geometric properties of the environment. The

reader is referred to [24] for a comprehensive overview of the state of the art

in robotic mapping.

2.2.1 Topological approach

Driven by the observation that human beings are able to successfully navi-

gate, in spite of the poor accuracy of their sensory systems and in presence of

incomplete knowledge, topological techniques adopt a qualitative description

of the surrounding environment, rather than building a metrically accurate

map. Distinctive places and paths are defined by their properties at the con-

trol level, and serve as the nodes and arcs of the topological model. During
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the exploration, location matching is performed by using global topological

constraints as well as local metrical comparison, in order to discriminate new

places from already visited ones. In general, these methods are appropriate

for navigation in simple environments and for creating models of human and

animal cognition. However, for many operations, metrically accurate maps,

that are globally referenced, are necessary in order to accomplish the goal of

the mission [24].

2.2.2 Grid-based approach

Grid-based techniques represent the simplest approach to map building. They

adopt the most intuitive environment representation, i.e. an occupancy grid

(see Section 2.1.2). The space is discretized into cells, labelled with a value

denoting the probability for that portion of space to be occupied. From the

sensor data, the robot creates a local grid, related to its current pose. A search

through a set of previously acquired certainty grids is performed to find the

best match. The configuration of the robot giving the highest correlation is

chosen as the robot pose estimate. Once the vehicle is localized, the probability

distribution of the local grid is merged into the global one, thus reducing

its uncertainty. The main drawback of the grid-based approach relies in its

intrinsically high computational burden and storage requirement. Moreover,

the effectiveness of these methods strongly depends on the accuracy of the

sensory system model, since misinterpreted noisy data may lead to inconsistent

maps.

2.2.3 Feature-based approach

In the feature-based approach, the environment is mapped in terms of a set

of remarkable features (landmarks), whose positions have to be estimated,

together with the robot pose. The landmarks are extracted from sensor data,

and can be point landmarks, representing tree trunks, poles (outdoor mapping)

or the corners formed by two intersecting walls (indoor mapping); line segment
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landmarks are used to represent the walls for indoor SLAM.

In the early work [17] an EKF-based SLAM algorithm that builds a map

with 2D point landmarks, is proposed. In [12] a line-based EKF mapping al-

gorithm is proposed. In that work, the line features uncertainty is represented

with respect to the map global frame, yielding to the lever-arm effect, i.e. the

feature uncertainty dependency on the location of the feature itself. In order to

solve the lever-arm problem, in [22], the Symmetries and Perturbations model

(SP-model) in introduced; this feature representation allows one to represent

the feature uncertainty with respect to a reference frame attached to each fea-

ture, thus removing the uncertainty dependency on the feature location. In the

work [20] SLAM is performed by using EKF in a dynamic indoor environment,

extracting line features from laser data, and representing the features uncer-

tainty using the SP-model. The M-Space feature representation, introduced

in [9], extends the SP-model: the M-Space framework allows building maps

with point landmarks in 2D or 3D, or line segments.

The estimation errors of landmark locations are necessarily correlated, since

they are based on relative measurements taken from the same uncertain posi-

tions (the robot pose). As proved by [2] for the linear case, in the limit, the

landmark estimates are fully correlated; also, the determinant of any subma-

trix of the map covariance matrix decreases monotonically as observations are

successively made. Therefore, maintaining the full state covariance matrix is of

paramount importance, as far as map consistency is concerned. In [2], SLAM

is performed outdoor by using EKF to build a map using artificial landmarks.

Unfortunately, when exploring large areas, densely populated of features,

the computational burden required by the update of the full covariance matrix

can rapidly become too heavy for real-time operations. For instance, if n

landmarks have to be estimated, the storage requirements of the EKF grows

as n2 and the computational complexity of the measurement update is usually

O(n3). The cost involved in the management of the full state covariance matrix
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limits the application of such techniques to middle-sized environments (map-

scaling problem).

A simple strategy for reducing the cost of a SLAM algorithm is to fix the

maximum number of features to be mapped, by “forgetting” far landmarks.

This choice is clearly efficient, but an important amount of information is

discarded. Other solutions for reducing the computational complexity of the

optimal SLAM algorithm divide the environment into overlapping subregions,

each with its own global stochastic map with a reasonable small number of

features.

Generally all those approaches still require quadratic time for maintaining

global consistency between different submaps, as well as quadratic storage

requirements. A different approach is the one proposed by [25], based on the

information form of the Extended Kalman Filter. Driven by the observation

that in the SLAM problem the covariance matrix is generally dense, whereas its

inverse (the information matrix) is naturally sparse, a constant-time technique

is developed.

Given the difficulty of maintaining a huge number of features, the mapping

task could be splitted among several robots. In the multi-robot approach, each

robot builds a small local map, having to estimate a reasonable small number

of features (light computational burden), and then fuses its contribution with

the others, producing a larger map. In the next section, some of the recent

techniques developed to solve the multi-robot SLAM problem are reviewed.

2.3 Multi-robot SLAM

As discussed in Sections 2.1 and 2.2, an extensive amount of research has

been carried out in the area of localization, mapping and exploration for sin-

gle autonomous robots. Only fairly recently has much of this work been ap-

plied to multi-robot teams. For an extensive discussion about the progresses

of the state of the art in distributed mobile robotics, the reader is referred
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to [21] [1] [28].

In order to increase the accuracy and efficiency when mapping large areas,

it is often necessary for two or more robots to participate in this task. This

process is known as multi-robot SLAM or Cooperative SLAM (C-SLAM).

While enhancing efficiency, the complexity of SLAM increases when robots

cooperate to build a single, joint map of the area they are exploring. This

problem becomes especially challenging when the coordinate transformation

(initial correspondence) between the initial poses of the robots is unknown.

In order to fuse maps created by different robots, the transformation be-

tween their reference frames needs to be determined; this can be done in two

ways.

• To search for landmark matches in the two maps. The most probable

transformation is the one that produces the maximum number of land-

mark correspondences. In this case, the underlying assumption is that

the two maps are significantly overlapped.

• Robot-to-robot mutual measurements can be used for computing the un-

known coordinate transformation: when two robots meet and measure

their relative distance and bearing, this information can be used to com-

pute the transformation required for merging the two maps. Due to noise

in these measurements, the estimated transformation may be inaccurate,

which in effect will reduce the quality of the merged map.

The former approach is pursued in [18]. Here, the robots relative loca-

tions are assumed to be unknown. In the marginal representation, the robots

share a common map and their locations are independent given this map. The

multi-robot Marginal-SLAM algorithm estimates the transformations of co-

ordinates between the robots to produce a common global map. The SEIF

introduced in [25] (see Section 2.2.3) is extended to the multi-robot case in

[26]. Map fusion is performed by finding correspondences between maps using
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SR-tree hill-climbing search; the most probable transformation between two

robots frames is the one producing the maximum number of landmark corre-

spondences. A similar method for fusing the maps is reported in [7]: here the

Joint Compatibility Branch and Bound algorithm (JCBB) is used to search

for matching 2D point landmarks between the two maps to be fused.

The second approach assumes that the robots meet at least once (ren-

dezvous case). In [14], the manifold map concept is introduced. This repre-

sentation takes maps out of the plane and onto a two-dimensional surface em-

bedded in a higher-dimensional space. Compared with standard planar maps,

the key advantage of the manifold representation is self-consistency: this facil-

itates a number of important autonomous capabilities, including robust retro-

traverse, lazy loop closure, active loop closure using robot rendezvous, and,

ultimately, autonomous exploration. The merging of the maps is made after

the robots encounter. In [15], a Particle Filter-based method is introduced to

integrate observations collected prior to the first robot encounter, using the

notion of a virtual robot travelling backwards in time. This approach allows

one to integrate all data from all robots into a single common map.

An alternative approach to C-SLAM is presented in [29], that examines

the prospect of applying the Constrained Local Submap Filter (CLSF) to the

multi-vehicle SLAM problem. Rather than incorporating every observation

directly into the global map of the environment, the CLSF algorithm relies

on creating an independent, local submap of the features in the immediate

vicinity of the vehicle. This representation has been shown to reduce the

computational complexity of maintaining the global map estimates as well as

improving the data association process.

Finally the works [30] [31], propose an algorithm for merging (not neces-

sarily overlapping) maps that are created by different robots independently.

In order to perform map fusion, the robots must meet and measure their rel-

ative poses. Noise in the robot-to-robot observations, propagated through the
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map-alignment process, increases the error in the position estimates of the

transformed landmarks, and reduces the overall accuracy of the merged map.

When there is overlap between the two maps, landmarks that appear twice

provide additional information, in the form of constraints, which increase the

alignment accuracy.

In this thesis, a multi-robot EKF-based SLAM algorithm is introduced.

The features are represented using the M-Space framework [9]. The submaps

built by different robots are fused together after the robots meet, using a

technique based on [30] [31].



Chapter 3

M-Space EKF SLAM

This chapter describes the indoor SLAM technique in detail. The algorithm

adopted is the Extended Kalman Filter (EKF), using M-Space uncertainty

representation. This chapter is structured as follows: first, a generic feature

geometric parametrization will be introduced in Section 3.1; then the M-Space

theory will be described in Section 3.2; then the SLAM problem will be formally

stated, and its EKF implementation showed in Section 3.3. Finally, various

SLAM-related issues as feature extraction, data association and delayed feature

initialization will be discussed.

3.1 Generic Feature Parametrization

When performing SLAM, one can deal with the following types of coordinates:

• 3D coordinates, used for example for a point feature in 3D space;

• 2D coordinates, used for points constrained on a plane;

• Scalar coordinates, used to model the radius of a pole (e.g. a tree trunk).

Any feature can be parametrized by a combination of these three kind of

coordinates, allowing a generic treatment of the coordinate transformations.

16



3.1. GENERIC FEATURE PARAMETRIZATION 17

A line segment feature is uniquely represented by its endpoints 2D coordinates,

xf =




xA

yA

xB

yB




m

(3.1)

where the [·]m superscript denotes the global reference frame; see Fig. 3.1 for

reference. The pose of the robot expressed in the global frame is

xr =



xr

yr

θr




m

. (3.2)

Let R(ψ) be the rotation matrix

R(ψ) =

[
cos(ψ) − sin(ψ)
sin(ψ) cos(ψ)

]
, (3.3)

its inverse R−1(ψ) = RT (ψ) = R(−ψ) and

E =




1 0 0
0 1 0
1 0 0
0 1 0


 (3.4)

the robot pose extender matrix.

The feature coordinates in the robot frame are given by the transformation

xo = xf ⊖ xr

xo =




xA

yA

xB

yB




r

=

[
R(−θr) 02×2

02×2 R(−θr)

]
(xf −E xr) =

=




cos(θr) sin(θr) 0 0
− sin(θr) cos(θr) 0 0

0 0 cos(θr) sin(θr)
0 0 − sin(θr) cos(θr)







xA − xr

yA − yr

xB − xr

yB − yr




m

(3.5)

where the [·]m superscript denotes that the robot position and feature end-

points coordinates are expressed in the global frame of reference.
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The inverse transformation between feature coordinates in robot frame xo

and feature coordinates in global frame xf is given by

xf = xo ⊕ xr

xf =




xA

yA

xB

yB




m

=

[
R(θr) 02×2

02×2 R(θr)

]
xo + E xr =

=




cos(θr) − sin(θr) 0 0
sin(θr) cos(θr) 0 0

0 0 cos(θr) − sin(θr)
0 0 sin(θr) cos(θr)







xA

yA

xB

yB




r

+




xr

yr

xr

yr




m

.

(3.6)

where the [·]r superscript denotes that the feature endpoints coordinates are

expressed in the frame of reference of the robot.

xm
Axm

B

ym
A

ym
B

xr
A

xr
B

yr
A

yr
B

xr

yr
θr

〈M〉

〈R〉

A

B

Figure 3.1: Robot pose and feature coordinates in global reference frame.

The matrices Jor and Jof are the Jacobians of the feature coordinates in

the robot frame xo with respect to (w.r.t.) the robot pose xr and to the feature

coordinates.
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Jor =
∂xo

∂xr

=




∂xr
A

∂xr

∂xr
A

∂yr

∂xr
A

∂θr

∂yr
A

∂xr

∂yr
A

∂yr

∂yr
A

∂θr

∂xr
B

∂xr

∂xr
B

∂yr

∂xr
B

∂θr

∂yr
B

∂xr

∂yr
B

∂yr

∂yr
B

∂θr




=

=




− cos(θr) − sin(θr) (xr − xm
A ) sin(θr) − (yr − ym

A ) cos(θr)

sin(θr) − cos(θr) (xr − xm
A ) cos(θr) + (yr − ym

A ) sin(θr)

− cos(θr) − sin(θr) (xr − xm
B ) sin(θr) − (yr − ym

B ) cos(θr)

sin(θr) − cos(θr) (xr − xm
B ) cos(θr) + (yr − ym

B ) sin(θr)




(3.7)

Jof =
∂xo

∂xf

=




∂xr
A

∂xm
A

∂xr
A

∂ym
A

∂xr
A

∂xm
B

∂xr
A

∂ym
B

∂yr
A

∂xm
A

∂yr
A

∂ym
A

∂yr
A

∂xm
B

∂yr
A

∂ym
B

∂xr
B

∂xm
A

∂xr
B

∂ym
A

∂xr
B

∂xm
B

∂xr
B

∂ym
B

∂yr
B

∂xm
A

∂yr
B

∂ym
A

∂yr
B

∂xm
B

∂yr
B

∂ym
B




=




cos(θr) sin(θr) 0 0
− sin(θr) cos(θr) 0 0

0 0 cos(θr) sin(θr)
0 0 − sin(θr) cos(θr)


 =

=

[
R(−θr) 02×2

02×2 R(−θr)

]

(3.8)

The line parametrization that will be described next needs to change the

arctan(y/x) function to produce values in the range (−π, π] and to distinguish

between diametrically opposite directions of the vector [x y]T used as argument.

Let us define the function atan2(y, x) : R2 → (−π, π] as

atan2(y, x) =





arctan(|y/x|) sign(y) x > 0
π

2
sign(y) x = 0

(π − arctan(|y/x|)) sign(y) x < 0

0 y = 0, x > 0

undefined y = 0, x = 0

π y = 0, x < 0

(3.9)



3.1. GENERIC FEATURE PARAMETRIZATION 20

that will be used also later in this work.

In general, given a reference frame 〈Σ〉, a line segment feature can be

parametrized in another equivalent form, as a function h of its endpoints co-

ordinates

ℓ =




γ
̺
δA
δB


 = h







xΣ
A

yΣ
A

xΣ
B

yΣ
B





 =




atan2(xΣ
B − xΣ

A, y
Σ
A − yΣ

B)

xΣ
A cos(γ) + yΣ

A sin(γ)

−xΣ
A sin(γ) + yΣ

A cos(γ)

−xΣ
B sin(γ) + yΣ

B cos(γ)


 (3.10)

where γ ∈ (−π, π] is the angle between the x-axis and the normal to the line

passing through the origin of the chosen frame of reference 〈Σ〉, ̺ ≥ 0 is the

distance from the origin to the line, δA and δB are the line endpoints A and

B signed distances from the point of incidence of the normal to the line, as

depicted in Fig. 3.2.

xAxB

yA

yB

γ

̺

〈Σ〉

A

B
i

j

L

δA

δB

Figure 3.2: Line parameters.
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The line endpoints coordinates xΣ are related to the line parameters ℓ (Eq.

(3.10)) w.r.t. the chosen frame of reference 〈Σ〉 as

xΣ = Dℓ



xA

yA

xB

yB




Σ

=




0 cos(γ) − sin(γ) 0
0 sin(γ) cos(γ) 0
0 cos(γ) 0 − sin(γ)
0 sin(γ) 0 cos(γ)







γ
̺
δA
δB




(3.11)

3.2 M-Space representation

The measurement subspace, or M-Space [9], is a feature representation simi-

lar to the SP-model [22] that attaches a local frame to each feature element,

allowing a generic treatment of many types of features. M-Space is an abstrac-

tion of the measured subspace of the feature space, that reflects symmetries

and constraints. The main idea is that the features are parametrized to fully

specify their location and extent (feature space) but can be initialized in a sub-

space corresponding to the partial information provided by the robot sensors

(measurement subspace).

For example, this allows to initialize a line segment feature even if only

its position and direction are measured initially. The information about the

line length will be saved in the feature space (as endpoints coordinates), but

not initialized in the M-Space: so, the only information available is about the

changes perpendicular to the line and about the orientation, while there will

be no information along the line, at least until the line endpoints will be later

observed and initialized in the M-Space. Since the features are represented

as 3D, 2D or scalar coordinates, all the geometric informations have a generic

parametrization with well defined transformation rules.

3.2.1 Projection Matrix

Let δxp denote the change in the M-Space corresponding to a small change

in the feature coordinates δxf . The actual values of the M-Space coordinates
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xp are never known or needed, just their changes δxp enter into the estimates.

These changes are used to adjust the feature coordinates xf , so that the mean

of δxp is zero. The feature uncertainty estimate is an estimate of the distri-

bution of δxp values around its zero mean. The uncertainty is expressed in

the frame attached to each feature and can be projected into the global frame

using the current global coordinates of the feature.

Small variations in the feature coordinates δxf in the feature space are

related to small variations of the corresponding M-space coordinates δxp by

a projection matrix B̃f (xf). In this section, when writing line feature global

coordinates xf = [xA yA xB yB]T the [·]m notation is omitted. The fundamental

relations between δxp and δxf are

δxf = B̃(xf)δxp (3.12)

δxp = B(xf)δxf (3.13)

Ipp = B(xf)B̃(xf ) (3.14)

where B̃(xf ) is the right Moore-Penrose pseudo-inverse ofB(xf ), B̃ = BT (B BT )−1:

the pseudo-inversion is required since the B matrix could have less that 4 rows,

as it will be shown later in section 3.2.2. Both B and B̃ depend on the actual

feature coordinates xf .

In the following, the form of the projection matrices will be shown for the

line feature case, using Fig. 3.2 as reference. For a line feature, the projection

matrix is

Bf =




cos γ

L
√

2

sin γ

L
√

2

− cos γ

L
√

2

− sin γ

L
√

2

cos γ√
2

sin γ√
2

cos γ√
2

sin γ√
2

− sin γ cos γ 0 0

0 0 − sin γ cos γ




(3.15)

where γ is the angle of the normal to the line with respect to x-axis and L is
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the length of the line segment:

γ = atan2(xA − xB, yB − yA) (3.16)

L =
√

(xA − xB)2 + (yA − yB)2 (3.17)

These entities L and γ parametrize the infinite line which the feature line

segment belongs to, in the same frame in which xf is expressed.

The B̃f matrix that fulfills (3.14) is

B̃f =




L cos γ√
2

cos γ√
2

− sin γ 0

L sin γ√
2

sin γ√
2

cos γ 0

−L cos γ√
2

cos γ√
2

0 − sin γ

−L sin γ√
2

sin γ√
2

0 cos γ




(3.18)

The form of Bf can be explained using geometric relations, that are in

some case just approximations and thus valid only for small variations of pa-

rameters. The first row of the projection matrix Bf (3.15) corresponds to a

rotation around the center of the line, i.e. to changes to γ. The second row

is the projection of small movements of the center point of the line in the

normal direction i. The third and fourth row of Bf are the signed distances

of the endpoints from the normal point of incidence, i.e. the projection of the

endpoints coordinates along the line direction j.

The projection matrix Bf projects small changes of the feature endpoints

global coordinates xf to small changes of parameters xp. From the analytic

point of view, we have

δxp =
∂xp

∂xf

δxf (3.19)

xp are the line parameters equivalent to ℓ of Eq.(3.10), expressed in a chosen

frame of reference Σ. In particular, if we choose as Σ the robot frame 〈R〉 ,

the line parameters xp are given by Eq.(3.10),

xp = h(xo)
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getting
∂xp

∂xf

=
∂h(xo)

∂xf

(3.20)

where xo are the line endpoints coordinates expressed w.r.t. the robot frame

and depend on the feature endpoints coordinates in global frame xf by Eq.(3.5):

xo = xf ⊖ xr.

It can be shown that the choice of the local frame, in which the line end-

points xo and relative line parameters xp are expressed, does not influence the

form of Bf , that will depend only by the line parameters γ and L in the global

frame; the proof is beyond the scope of this work. The
√

2 factors that appear

in the first two rows of the Bf matrix are used to normalize the rows so that

Eq.(3.14) can hold.

3.2.2 Feature Initialization and Growing Dimensions

A common problem in feature-based SLAM is that the robot cannot initialize

a feature in all its dimensions after the first observation. There can be many

reasons to explain this:

• the feature is not completely visible: for example, this could be the case

of a line, whose endpoints are not be visible because the line is long or

the vision field is occluded;

• measurements are affected by noise, so having multiple readings of the

same feature can be useful to improve feature initialization, and to reject

false detections;

• in bearing-only feature detection, two successive measurements are needed

to initialize a feature.

Since the entire line feature is not detected at once, the M-space coordinates

xp dimensions p can grow with time from a minimum of 2, when the robot first

measures the line distance and normal direction, up to 4 dimensions, when it

has observed both line endpoints. The Bf matrix will have p rows, and B̃ will
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have p columns correspondingly. When an endpoint is measured and initialized

in the M-Space, the relative row (column) of the projection matrix Bf (B̃f)

will be used. These projection matrices change with time, since are always

re-evaluated around the current estimate of xf .

3.3 SLAM

The M-Space representation can be adopted regardless of the SLAM algorithm

used. The map estimation and the filter state vector are separated from the

details of maintaining and updating the features. The SLAM problem will be

described in the following and then analyzed formally in all its aspects: the

robot motion model, the measurement model and the state definition. Finally

the SLAM problem will be stated.

3.3.1 General SLAM algorithm

Any state estimation technique can be adopted to address the Simultaneous

Localization And Mapping problem. The SLAM algorithm purpose is to let a

robot build a map of the environment and localize itself in the same map. The

robot starts its exploration from a known location and travels according to

the speed commands provided to it. The filter predicts a new robot pose and

takes into account the uncertainty increased by this noisy motion. Since the

features are considered to be static, their estimates and uncertainties are not

changed in this phase. While moving the robot takes noisy measurements, for

example using a laser range finder; the line features extracted from the laser

raw data are matched with the features already in the filter state.

If a feature cannot be matched with the ones in the filter state, this new

measurement is added to a temptative list of new features, in order to avoid

augmenting the filter state with spurious readings. Data association is per-

formed also for this temptative list, in order to collect more informations

about the same temptative feature: if the temptative line is matched with
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one already in the list, the point cloud that generated the new measurement is

merged with the cloud stored in the list. After a temptative feature has been

observed N times, it is assumed to be reliable, and it is promoted to become a

new feature to augment the filter state.

If a measurement is matched with a feature already in the state, it can

be used to update the filter state and uncertainty estimation. The SLAM

algorithm cycles through these steps continuously.

3.3.2 Problem Formulation

Now the SLAM problem will be introduced formally. Let us consider an au-

tonomous navigating robot constrained to move a plane (2D environment) and

let xr(k) = [xr(k) yr(k) θr(k)]
T be its pose, where (xr yr) is the position and

θr is the orientation with respect to a global frame of reference, as shown in

Fig. 3.3. Assuming that the robot is navigating indoor, the surrounding envi-

ronment can be described using line segments extracted from walls, doors, or

furniture.

Robot Motion Model

A non-holonomic differential-drive robot pose can be estimated using relative

motion odometry (integrating the readings from the wheels encoders) or using

the information of the linear and angular velocity commands. The discrete-

time unicycle motion model based on velocity commands u(k) = [v(k) ω(k)]T

is

xr(k + 1) = f(xr(k),u(k), εu(k)) (3.21)





xr(k + 1) = xr(k) + Ts cos(θr(k)) (v(k) + εv(k))
yr(k + 1) = yr(k) + Ts sin(θr(k)) (v(k) + εv(k))
θr(k + 1) = θr(k) + Ts (ω(k) + εω(k))

(3.22)

where xr(k) = [xr(k) yr(k) θr(t)]
T ∈ R

2 × [−π, π) is the robot pose and Ts

is the sampling time of the discrete-time system. The velocity commands are

affected by a white Gaussian noise εu
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εu(k) = [εv(k) εω(k)]T ∼ WGN(0, Q)
E[εu(k)] = 0

E[εu(k)εT
u(k)] = diag(σ2

v , σ
2
ω) = Q

σv =
αv|v(k)|
3
√
Ts

σω =
αω|ω(k)| + δω

3
√
Ts

(3.23)

where the standard deviations σv and σω are proportional to the actual com-

mands by the percentage parameters αv and αω; the offset δω is introduced to

take into account that the robot does not drive perfectly straight even if the

command ω(k) = 0.

The Jacobians Jrr and Jru are

Jrr(k) =
∂f

∂xr

=

[
∂f

∂xr

∂f

∂yr

∂f

∂θr

]
=




1 0 −Tsv(k) sin(θr(k))
0 1 Tsv(k) cos(θr(k))
0 0 1


(3.24)

Jru(k) =
∂f

∂εu
=

[
∂f

∂εv

∂f

∂εω

]
=



Ts cos(θr(k)) 0
Ts sin(θr(k)) 0

0 Ts


 (3.25)

xr

yr
θr

〈M〉

〈R〉

qi,x

qi,y
qi

qi+1

Figure 3.3: Robot pose and waypoint coordinates in global reference frame.

An example of how the velocity commands are generated is as follows: a

set of waypoints WP = {qi = [qi,x qi,y]
T , i = 1, 2, . . .} is provided to the robot

as shown in Fig. 3.3. The linear speed v(k) is maintained costant, while the
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angular speed ω(k) is proportional to the error between the robot orientation

and the bearing to the current waypoint, thus providing a closed loop control

on robot heading.

{
v(k) = v(k − 1) ≥ 0 ∀ k
ω(k) = µ (atan2(qi,y − yr, qi,x − xr) − θr)

(3.26)

where µ [s−1] is the controller gain. When the distance of the robot from the

current i-th waypoint goes below a certain threshold, the controller is switched

to track the next waypoint qi+1 ∈ WP. Since the waypoints positions are

assumed to be perfectly known to the robot, it will track the waypoint-defined

path with null steady-state error.

Measurements Model

Let m denote a measurement of a line segment in the robot frame extracted

from the laser raw data, as shown in Fig. 3.4,

m(k) =




α(k)
ρ(k)
dA(k)
dB(k)


+ εm(k) (3.27)

affected by white Gaussian noise εm(k)

εm(k) = [εα ερ εdA
εdB

]T ∼ WGN(0, R)
E[εm(k)] = 0

E[εm(k)εT
m(k)] = diag(σ2

α, σ
2
ρ, σ

2
dA
, σ2

dB
) = R

(3.28)

In the following we are dealing with estimated feature coordinates in the

robot frame x̂o = [x̂A ŷA x̂B ŷB]T , so the [·]r notation is omitted. The following

quantities are useful:

d̂x = x̂A − x̂B (3.29)

d̂y = ŷA − ŷB (3.30)

L̂ =
√
d̂2

x + d̂2
y (3.31)

The innovation function can be defined in many ways, for example as in [8].

Here, the innovation function η(m, x̂o) is defined as the difference between
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α

ρ

〈M〉

〈R〉

A
B

dA

dB

xr

yr

θr

Figure 3.4: Line parameters.

line feature parameters m extracted from laser raw data and the expected line

feature parameters corresponding to the line endpoints coordinates x̂o in robot

frame,

η = m− h(x̂o) = m−




α̂
ρ̂

d̂A

d̂B


 (3.32)

where

h(x̂o) =




α̂
ρ̂

d̂A

d̂B


 =




atan2(−d̂x, d̂y)
x̂A cos(α̂) + ŷA sin(α̂)
−x̂A sin(α̂) + ŷA cos(α̂)
−x̂B sin(α̂) + ŷB cos(α̂)


 , (3.33)

which has the same form as Eq. (3.10). The line distance from origin ρ̂ can

be equivalently written as ρ̂ = x̂B cos(α̂)+ ŷB sin(α̂), and this is useful later to

simplify the expression of the Jacobian Jηo.

The Jacobian Jηo of η(m,xo) is

Jηo =
∂η

∂xo

= −∂h(xo)

∂xo

∣∣∣∣
xo=x̂o

(3.34)
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where

∂h(xo)

∂xo

=

[
∂h

∂xA

∂h

∂yA

∂h

∂xB

∂h

∂yB

]
=

=
1

L2




−dy dx dy −dx
−dy dB dx dB dy dA −dx dA

ρ dy − L2 sin(α) −ρ dx+ L2 cos(α) −ρ dy ρ dx
ρ dy −ρ dx −ρ dy − L2 sin(α) ρ dx+ L2 cos(α)




(3.35)

Small changes of robot pose δxr and M-Space coordinates δxp cause a small

change in expected feature coordinates δx̂o,

δx̂o =
∂xo

∂xr

δxr +
∂xo

∂xp

δxp =

=
∂xo

∂xr

δxr +
∂xo

∂xf

∂xf

∂xp

δxp =

= [Jor Jof B̃f ]

[
δxr

δxp

]
,

(3.36)

This variation on expected local feature coordinates reflects on the innovation

δη by

δη = Jηo δx̂o = Jηo [Jor Jof B̃f ]

[
δxr

δxp

]
. (3.37)

For the complete expression of Jor, Jof and B̃f , see Eqs. (3.7), (3.8) and (3.18).

State definition

When using M-Space representation, the state estimation filter uses a state

vector that includes robot pose and M-Space coordinates, while the geometric

feature representation (3D, 2D, scalar coordinates) is kept separately. So the

state vector to be estimated is

ξ(k) ∈ R
3+4n : ξ(k) = [ xT

r (k),xT
f1

(k), . . . ,xT
fn

(k) ]T , (3.38)

where xfi
is the i-th feature (i = 1 . . . n) described by its endpoints in the

global frame (Eq. (3.1)), and n is the number of features in the state vector.

Since static features are considered, the time evolution of the state vector only

affects the robot pose xr as by (3.22), leaving the features xf unchanged. Now,

the SLAM problem can be stated as follows.
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SLAM problem. Let ξ̂(0) be an estimate of the initial robot pose and feature

coordinates. Given the dynamic model (3.22) and the measurement (3.27),

find an estimate ξ̂(k) of the robot pose and feature coordinates ξ(k) for each

k ∈ N+.

3.4 EKF Implementation

As already told, any state estimation technique can be used together with

M-Space representation. A widely used estimation technique is the Extended

Kalman Filter (EKF). The state of the filter is defined as

x̂state ,

[
x̂r

x̂p

]
, (3.39)

x̂p =
[
x̂T

p1
. . . x̂T

pn

]T
(3.40)

where xpi
i = 1 . . . n are the M-Space parameters of the i-th feature. A state

vector ξ(k) (3.38) external to the filter is used to hold the actual feature co-

ordinates xf . The state estimation error covariance matrix Px is composed by

blocks

Px(k) =

[
Prr(k) Prp(k)
Pp r(k) Ppp(k)

]
, (3.41)

where

Prr(k) = E[ x̃r(k) x̃T
r (k)] (3.42)

Prp(k) = E[ x̃r(k) x̃T
p (k)] (3.43)

Pp r(k) = E[ x̃p(k) x̃T
r (k)] = P T

rp(k) (3.44)

Ppp(k) = E[ x̃p(k) x̃T
p (k)] (3.45)

x̃r(k) = xr(k) − x̂r(k) (3.46)

x̃p(k) = xp(k) − x̂p(k) (3.47)

and E[·] is the expected value operator.

The EKF alternates between prediction and update steps:
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z Prediction step:

The new robot pose is predicted according to (3.22) where the commands

are given by (3.26)

x̂r(k + 1|k) = f(x̂r(k|k),u(k), 0) (3.48)

The feature coordinates expressed in robot frame are computed from the

feature coordinates in the external state ξ(k) and predicted robot pose

x̂r(k + 1|k) using (3.5)

x̂o(k + 1|k) = x̂f (k) ⊖ x̂r(k + 1|k) (3.49)

The covariance matrix Px is predicted block-wise using the speed noise

covariance matrix Q (3.23), the Jacobians Jrr (3.24) and Jru (3.25), leav-

ing the Ppp block unchanged (static features)

Prr(k + 1|k) = Jrr(k)Prr(k|k)JT
rr(k) + Jru(k)QJ

T
ru(k) (3.50)

Prp(k + 1|k) = Jrr(k)Prp(k|k) = P T
pr(k + 1|k) (3.51)

Ppp(k + 1|k) = Ppp(k|k) (3.52)

z Correction step:

In the following, assume that the features in the EKF state have reached

the full M-Space dimension of 4 (see section (3.2.2). The EKF can use

batch update, processing all the measurements at the same time, or iter-

ative update, processing the measurements at time k one after another.

Consider the latter approach: if the i-th feature xfi
is being processed,

and p is the M-Space dimension corresponding to the measurement m(k)

(varying from 2 to 4) , then η(k) ∈ R
p and

Jη x =

[
∂η

∂xr

∂η

∂xp

]
=

=

[
∂η

∂xo

∂xo

∂xr

∂η

∂xo

∂xo

∂xf

∂xf

∂xp

]
=

= Jηo [Jor JofB̃f ] ∈ R
p×(3+p)

(3.53)
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is the Jacobian of the innovation η (3.32) w.r.t. xstate. This Jacobian

relates changes in the state to changes in the innovation, as in Eq. (3.37);

it is obtained computing (3.34), (3.8) and (3.18) around the estimates

x̂fi
(k) and x̂r(k + 1|k).

The state Jacobian Jη x(k) is enlarged to reach full state column dimen-

sion

J̄ = [JηoJor 0p×(4i−4) JηoJofB̃f 0p×(4n−4i) ] ∈ R
p×(3+4n) (3.54)

where (4 − p) columns are added to the B̃f ∈ R
4×p matrix to reach the

full state dimensions 3 + 4n.

The state vector correction is computed using the innovation η(k) (3.32)

as

δxstate(k) = −K(k) η(x̂o(k + 1|k),m(k)). (3.55)

The matrix K(k) is the Kalman gain

K(k) = Px(k + 1|k) J̄ TS−1(k) ∈ R
(3+4n)×p (3.56)

S(k) = (J̄ Px(k + 1|k) J̄ T +R) (3.57)

where R is the measurement noise covariance matrix reduced to p × p

dimensions (see (3.28)). Notice that eq. (3.55) does not need the actual

values of the M-Space parameters included the state x̂state (3.39); only

the changes δxp are used to update the filter.

The external state vector estimate ξ̂(k + 1) is updated using the robot

pose update directly

x̂r(t+ 1|t+ 1) = x̂r(k + 1|k) + δx̂r(k) (3.58)

and by projecting the updated M-Space coordinates δxp(k) into the fea-

ture space,

x̂f (k + 1) = x̂f(k) + B̃f(x̂f (k)) δxp(k) (3.59)
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where

B̃f(x̂f (k)) =



B̃f (x̂f1

) 0
. . .

0 B̃f(x̂fn)


 (3.60)

is a block diagonal matrix built using the B̃f(x̂fi
) matrices computed

around the current feature estimates x̂fi
.

The estimation error covariance matrix correction is

δPx(k + 1|k + 1) = K(k)S(k)KT (k) (3.61)

Finally the estimation error covariance is updated by

Px(k + 1|k + 1) = Px(k + 1|k) − δPx(k + 1|k + 1). (3.62)

3.5 Feature Extraction

The purpose of feature extraction is to obtain the measurements m(k) (3.27)

and the corresponding covariance matrix R(k) (3.28) from the raw data pro-

vided by the sensor. The feature extraction described in the following is based

on the work [12]. The robot is equipped with a laser range finder that produces

a data set in the form

{[φj, dj]
T , i = 0, . . . , N} (3.63)

where dj is the distance of the point sensed along the direction φj . Let

Cm =

[
σ2

φ 0
0 σ2

d

]
(3.64)

be the covariance matrix of the white Gaussian noise affecting the sensor read-

ings.
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3.5.1 Algorithm overview

The sensor readings are processed in order to extract the parameters [α, ρ, dA, dB]T

of the linear features. The pair [φj, dj]
T expresses j-th point in polar coordi-

nates w.r.t. sensor (robot) frame. Let

pj = [xj , yj]
T = [dj cos(φj), dj sin(φj)]

T (3.65)

be the Cartesian coordinates of the j-th point w.r.t. the same frame. The

points are processed sequentially, i.e. they are ordered according to ascending

values of φ. The segmentation phase consists in grouping the sensor readings

into subsets Sh (segments) of points respecting a proximity and collinearity

criteria: Sh =
{
p

(h)
1 , . . . , p

(h)
nh

}
, h = 1, . . . , q, where nh is the cardinality of the

h-th segment. Each set is built iteratively: the first two points are used to

initialize the segment S1. Then a point pj is added to the current segment if

it respects the following criterion:

(c1) its normal distance from the current fitting line is below a threshold δ0,

and

(c2) its Euclidean distance from the last point in current segment is below a

threshold δ1.

When a new point is added to the current line segment, the parameters of

the fitting line are recomputed on the basis of the grown set of points. If

the point does not meet the above criterion, the segment Sh is assumed to be

complete and it is stored among the measurements m(k). The new segment

Sh+1 is instantiated starting from the last point p
(h)
nh of segment Sh if this point

p
(h)
nh did not meet (c2), or starting from next point in laser scan if the point

p
(h)
nh did not meet (c1). This condition that determines the end of a segment

allows to filter away spurious readings (outlier points) due to the flat surfaces

roughnesses, indentations and occlusions. Furthermore, segments Sh whose

length (given by the distance between the first p
(h)
1 and last p

(h)
nh points) is



3.5. FEATURE EXTRACTION 36

shorter than a minimum length L0 or segments made up of less than N0 points

are deemed unreliable and discarded.

It may happen that, while processing the h-th segment Sh, the next point

polar distance dj is greater than the laser usable range, heuristically defined

as dmax = drange − 5
√
σ2

d. In this case, the segment Sh is saved into m(k) if it

meets the above criteria; similarly, a segment is saved if the next point pj is

the last point pN in the laser scan.

3.5.2 Line fitting

The parameters to describe a line segment are in the known formm = [α, ρ, dA, dB]T .

Let us consider N points pi = [xi, yi]
T , i = 1, . . . , N on a plane. The line

m = [α∗, ρ∗, d∗A, d
∗
B]T minimizing the sum of the squared normal distances

from each point E(α, ρ) =
∑N

i=1(ρ− xi cos(α) − yi sin(α))2 is given by:




α∗

ρ∗

d∗A
d∗B


 =




1

2
arctan

( −2Sxy

Sy2 − Sx2

)

x̄ cos(α∗) + ȳ sin(α∗)
− sin(α∗)x1 + cos(α∗)x1

− sin(α∗)xN + cos(α∗)xN




△
= fm(x1, . . . , xN) (3.66)

where

x =
1

N

N∑

i=1

xi, y =
1

N

N∑

i=1

yi,

Sx2 =

N∑

i=1

(xi − x̄)2, Sy2 =

N∑

i=1

(yi − ȳ)2,

Sxy =
N∑

i=1

(xi − x̄)(yi − ȳ).

In [12] the measurement noise covariance matrix is computed summing the

laser covariance matrix (3.64) projected in the line parameter space using the

Jacobians of (3.66): R =
∑N

i=1 JiCmJ
T
i , where Ji =

[
∂fm
∂φi

∂fm
∂di

]
.

Here, the measurement covariance matrix R = diag(σ2
α, σ

2
ρ, σ

2
dA
, σ2

dB
) diag-

onal elements are estimated as follows. As shown in Fig. 3.5, the variance of

the line normal distance from the origin of the sensor frame σ2
ρ is estimated

as the squared spread of the points used to fit the line segment along the line
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ρ

L

α

〈R〉

A

B

σρ

σdA

σdB

Figure 3.5: Estimated measurement variances.

normal direction. The variance of the line orientation σ2
α is estimated dividing

the computed σ2
ρ by the squared line length. The variance of the endpoint

distance error σ2
dA

could be estimated as the squared distance along the line

direction of the first two points used for fitting; similarly could be done for σ2
dB

.

This heuristic for endpoints yields to overestimate the measurement precision,

so it is preferrable to estimate both σ2
dA

and σ2
dB

as the squared ratio (3L/N)2

between line length and the number of points used for fitting the line. These

estimates are quite conservative, so the EKF will tend to underestimate the

accuracy of the measurements.

3.6 Data Association

At time k, a set of measurements are extracted from laser raw data, m =

{mi, i = 1, . . . , nm}. These measurements do not provide informations on

the identity of the features, that are indistinguishable. In order to perform

the EKF correction step, each measurement mi(k) must be associated to the

corresponding line feature xf in the state vector ξ(k). This matching problem
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consist in determining the feature xfj
(if it exists) in the state vector, that

produces the i-th measurement.

In this work, a Nearest Neighbour (NN) approach based on Mahalanobis

distance is used. Intuitively, it reduces to compare the i-the measurement

with each feature estimate and associate the measurement to the “closest”

one, in terms of covariance-weighted distance. Having nm measurements to

compare against n features already in the state, the NN algorithm complexity

is O(n · nm).

Under the hypothesis that j-th feature has originated the i-th measurement,

the error is

e = mi − h(x̂o,j). (3.67)

The form of this error is similar to the innovation of Eq. (3.32). Since the

real endpoints of the line could be unknown (M-Space dimension p = 2), the

distinct Mahalanobis distances Dα,ij and Dρ,ij and cumulative distance DC,ij
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are computed as

eα = αm − α̂ (3.68)

Dα,ij = eα (Γα S ΓT
α)−1 eα (3.69)

eρ = ρm − ρ̂ (3.70)

Dρ,ij = eρ (Γρ S ΓT
ρ )−1 eρ (3.71)

eC = [αm − α̂, ρm − ρ̂] (3.72)

DC,ij = eC (ΓC S ΓT
C)−1 eT

C (3.73)

Γα = [1 0 0 0] (3.74)

Γρ = [0 1 0 0] (3.75)

ΓC = [ΓT
α ΓT

ρ ]T (3.76)

S = R +H Px H
T (3.77)

H = −[JηoJor 04×(4j−4) JηoJofB̃f 04×(4n−4j) ] (3.78)

where Px is the estimation error covariance matrix (3.41), H is the Jacobian of

e w.r.t. the EKF filter state (see (3.54)), and R is the measurement covariance

(see (3.28)).

Since different features in the environment may lie on the same line (as two

walls divided by a door), another parameter to check is the overlapping rate
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τij between the measured line and the estimated one, as shown in Fig. 3.6,

τij =






L∩

min(L̂, L‖)
if (ǫ̂max ≥ ǫmin ∧ ǫmax ≥ ǫ̂min)

0 otherwise
where
ǫmax = max(dA, dB)

ǫmin = min(dA, dB)

ǫ̂max = max(d̂A, d̂B)

ǫ̂min = min(d̂A, d̂B)

L∩ = min(ǫ̂max, ǫmax) − max(ǫ̂min, ǫmin)

L̂ = |d̂A − d̂B|
L‖ = |dA − dB| cos(α− α̂)

(3.79)

x̂fx̂f

mm

L‖L‖

L∩L∩

L̂L̂

a) b)

Figure 3.6: Measured and estimated feature overlapping: a) τ = 1; b) τ < 1.

Each i-th measurement is compared to all the j-th feature parameters es-

timate and three tests are performed:

• weighted error on ρ must be less than a certain threshold, Dρ,ij < Tρ

• weighted error on α must be less than a certain threshold, Dα,ij < Tα

• overlapping rate must be greater than a certain threshold, 1 ≥ τij > Tτ

Then, among all the correspondent features, the one minimizing minj(DC,ij)

is selected. If the measurement mi(k) is associated with the j-th feature, its

endpoints are suitably updated (actually a union is performed, so the line fea-

ture will always grow in length) only if M-Space dimension p < 3; the line

endpoints are updated via EKF otherwise.
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State Augmentation

If the measurement does not match any of the lines currently present in the

state vector, it has to be considered as a new feature, and the state vector

should be properly augmented. The new feature x∗
f (in form of endpoints

coordinates) is added to the state vector ξ̂(k|k).
The covariance matrix Px is augmented with a large diagonal matrix

P ∗
pp ∈ R

4×4; the new feature is correlated with the other features and robot

pose by performing an EKF correction step like (3.61), (3.62), after computing

the EKF state Jacobian (3.54) around x∗
f .

Delayed Feature Initialization

To avoid augmenting the state vector with spurious features, an unmatched

measurement is first inserted into a list of temptative features; when it is

detected a certain number of times over a time interval, it is considered reliable

and used to augment the state vector. The tentative features are inserted into

the list as a cloud of points measured by the range finder. The clouds are sets

of 2D coordinates expressed in the robot frame of reference; since the robot is

moving and the clouds are referred to static features, they are updated every

time the robot is moving. In order to associate any unmatched measurement

to a feature already in the tentative list a matching procedure like the one

described above is needed. The new measurements are tested against the

parameters got clouds fitting, without considering the covariances: if a match

is found, the new cloud of points is added to the cloud already in the list,

otherwise the new cloud is inserted as a new item into the list.



Chapter 4

Map fusion

In chapter 3, a single-robot SLAM algorithm based on EKF and M-Space fea-

ture representation has been presented. This chapter describes an algorithm

to fuse the maps built by different robots, assuming that the coordinate trans-

formation (initial correspondence) between the initial poses of the robots is

unknown. The EKF SLAM algorithm and the map fusion algorithm are used

together to perform multi-robot SLAM. In order to fuse maps created by dif-

ferent robots, the transformation between their reference frames needs to be

determined. This can be done in two ways: searching for landmark matches

in the two overlapping maps, and using as the most probable transformation

the one that produces the maximum number of landmark correspondences; or

using robot-to-robot mutual measurements for computing the unknown coor-

dinate transformation.

This work is based on the approach proposed in [30] [31]: the method

is illustrated for a two-robot case in a 2D environment, but can be easily

extended to the case of larger robot teams. First, the two maps are aligned

by employing the transformation (rotation and translation) determined by the

robot-to-robot measurements (section 4.1). The estimation errors covariance

of the maps is then updated according to the transformation employed to

express all the maps with regard to the same reference frame (sections 4.2 and

4.3). Then, possible overlap between the two maps is examined by searching

for landmark matches. If landmark duplicates are identified, this information

42
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is used to impose constraints that improve the accuracy of the resulting map

(section 4.4).

4.1 Map Alignment

In this section, we address the problem of map merging, that is aligning the

robots’ independently created maps to build a single global map of the envi-

ronment: this method requires that the robots meet at least once. This can

be a random event or can be arranged by the two robots. The map alignment

problem is solved by processing mutual relative distance and bearing measure-

ments, when the two robots are within sensing range of each other. The trans-

formation between the two maps is computed using this pair of robot-to-robot

measurements. If the maps created by the two robots overlap, duplicate land-

marks can be identified in the merged map. By imposing constraints on the

positions of matched landmarks, the quality of the resulting map is improved.

Once the two maps are merged, the two robots can continue to cooperatively

explore their environment while expressing all new measurements with respect

to the common frame of reference (centralized approach), or continue perform-

ing single-robot SLAM using the new merged map until they eventually meet

again.

4.1.1 Data Produced by EKF SLAM algorithms

Suppose there are two robots R1 and R2 that have explored and mapped

independently the area they have travelled through with respect to their initial

global frame, 〈G1〉 and 〈G2〉 respectively. The origins of the global frames are

usually set to coincide with the robots’ starting locations.

Initially, each of the two robots performs SLAM independently, i.e. the
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SLAM algorithms of the robots R1 and R2 estimate the vectors

G1X1 =

[
G1xR1

G1XFM1

]

G2X2 =

[
G2xR2

G2XfM2

] (4.1)

respectively, with

GkxRk
=

[
GkpRk

φk

]
GkpRk

=

[
xk

yk

]
, k = 1, 2 (4.2)

G1XFM1
=




G1xF1

...
G1xFi

...
G1xFn1




G1xFi
=




xAFi

yAFi

xBFi

yBFi


 ∈M1, i = 1 . . . n1 (4.3)

G2XfM2
=




G2xf1

...
G2xfj

...
G2xfn2




G2xfj
=




xAfj

yAfj

xBfj

yBfj


 ∈M2, j = 1 . . . n2 (4.4)

where n1 (n2) is the total number of landmarks in the map M1 (M2) created

by robot R1 (R2). For robot R1, the state vector produced by the single-robot

SLAM algorithm is G1X1 ∈ R
m1 , m1 = 3 + 4n1, and for robot R2 the state

vector is G2X2 ∈ R
m2 , m2 = 3 + 4n2.

4.1.2 Relative Distance and Bearing Measurements

We assume that each robot has a range sensor (laser) which can measure the

distance ρ and bearing θ towards a target. The measurement of the relative

position of robot j with respect to robot i is described by:

izj =

[
iρm
iθjm

]
=

[
ρ

iθj

]
+

[
εiρ

εiθj

]
i, j = 1, 2

where ρ is the distance between the two robots, iθj is the direction in which

robot Ri sees robot Rj, and εiρ, εiθj
are white zero-mean Gaussian noise pro-

cesses with variances σ2
iρ

and σ2
iθj

respectively. Since the two distance measure-

ments 1ρm and 2ρm are independent, a more accurate estimate of the distance
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ρ between the two robots can be computed as the weighted average of the two

individual measurements,

ρm = σ2
ρ

(
1ρm

σ2
1ρ

+
2ρm

σ2
2ρ

)
,

1

σ2
ρ

=
1

σ2
1ρ

+
1

σ2
2ρ

⇒ ρm =
σ2

2ρ
1ρm

σ2
1ρ

+ σ2
2ρ

+
σ2

1ρ
2ρm

σ2
1ρ

+ σ2
2ρ

(4.5)

We form the combined measurement vector as

z =




ρm
1θ2m
2θ1m


 =




ρ
1θ2
2θ1


+




ερ

ε1θ2

ε2θ1


 = zt + εz (4.6)

Rz = E[εzεz
T ] = diag(σ2

ρ, σ
2
1θ2
, σ2

2θ1
) (4.7)

where and zt denotes the vector of the real distance and relative bearings.

2

R1pR2

R

1
pR

〈R1〉

〈R2〉

θ

1θ2

1θ2

2θ1

Figure 4.1: Robot-to-robot measurements.

As depicted in Fig. 4.1, the following relationship holds:

R1pR2
= −R1

R2
C(θ)R2pR1

(4.8)

with

RjpRi
= ρ

[
cos(jθi)
sin(jθi)

]
, i, j = 1, 2 (4.9)

where RjpRi
is the position of robot Ri in robot Rj ’s local frame, and R1

R2
C(θ)

is the 2D rotation matrix of the form

C(ψ) =

[
cos(ψ) − sin(ψ)
sin(ψ) cos(ψ)

]
=

[
cψ −sψ
sψ cψ

]
, (4.10)
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that describes the angular transformation between robot frames 〈R1〉 and 〈R2〉.
The angle between robot frames is

θ = π + 1θ2 − 2θ1 (4.11)

Once the angle θ (cf. eq. (4.11)) and the distance between the robots

R1 and R2 (cf. eq. (4.5)) are computed, the transformation (R1pR2
, R1

R2
C(θ))

between 〈R1〉 and 〈R2〉 is uniquely determined in closed form.

4.1.3 Transformation from Global Frame 〈G2〉 to 〈G1〉

In this section, given the distance and bearing measurements recorded by R1

and R2, our goal is to determine the transformation (G1pG2
, G1

G2
C(φ)) between

the global coordinate frames 〈G1〉 and 〈G2〉. This will allow us to express the

state estimates G2X2 of robot R2 w.r.t. 〈G1〉, i.e., determine the relation

G1X2 = t(G1X1,
G2X2, z) (4.12)

where z is the vector described in eq. (4.6).

The rotational transformation matrix G1

G2
C(φ) is readily computed from:

G1

G2
C(G1φG2

) = G1

R1
C(φ1)

R1

R2
C(θ) G2

R2
C(φ2)

T

⇒ G1φG2
= φ1 + θ − φ2 (4.13)

Similarly, the rotational transformation of 〈R2〉 to 〈G1〉 is:

G1

R2
C(G1φG2

) = G1

R1
C(φ1)

R1

R2
C(θ)

⇒ G1φR2
= φ1 + θ (4.14)

Substituting for θ from eq. (4.11), we have:

G1φR2
= φ1 + π + 1θ2 − 2θ1 (4.15)

where G1φR2
is the orientation of robot R2 w.r.t. frame 〈G1〉, φ1 is the orienta-

tion of robot R1 w.r.t. frame 〈G1〉, and jθi is the relative bearing measurement

of Rj towards Ri.
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〈R1〉
〈R2〉

〈G1〉
〈G2〉

θ

G1φG2 φ1

φ1

φ2

G1pR1

G1pR2

G1pG2

G2pR2

R1pR2

G1xFA

G1xFB

G2xfA

G2xfB

xfj

A
B

Figure 4.2: Geometric relations in map alignment.

From Fig. 4.2, the following geometric relations can be obtained:

G1pG2
= G1pR1

+ G1

R1
C(φ1)

R1pR2
− G1

G2
C(G1φG2

)G2pR2
(4.16)

G1pR2
= G1pR1

+ G1

R1
C(φ1)

R1pR2
(4.17)

where G1pR1
is the position of robot R1 in frame 〈G1〉.

As shown in Fig. 4.2, the position of each of the landmarks fj ∈ M2

expressed w.r.t. the global frame 〈G1〉 is:

G1xfj
=

[
G1pG2

G1pG2

]
+

[
G1

G2
C(φ) 02×2

02×2
G1

G2
C(G1φG2

)

]
G2xfj

(4.18)

where G1φG2
and G1pG2

are given by eqs. (4.13) and (4.16), and G2xfj
is the

j-th feature in the map M2.

Summarizing, the transformation t (eq.(4.12)) that expresses the state vec-
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tor G2X2 (eq. (4.1)) in frame 〈G1〉 (G1X2) is described by

R1pR2
= ρ

[
cos(1θ2)
sin(1θ2)

]

G1pR2
= G1pR1

+ G1

R1
C(φ1)

R1pR2

G1φR2
= φ1 + π + 1θ2 − 2θ1

G1pG2
= G1pR1

+ G1

R1
C(φ1)

R1pR2
− G1

G2
C(G1φG2

)G2pR2

G1xfj
=

[
G1pG2

G1pG2

]
+

[
G1

G2
C(φ) 02×2

02×2
G1

G2
C(G1φG2

)

]
G2xfj

, xfj
∈M2

Since the true quantities are not known, measured and estimated quantities

are used in this transformation. The above relations require

i) an estimate of robot R1’s pose G1xR1
=
[
G1pT

R1
φ1

]T
;

ii) an estimate of robot R2’s pose G2xR2
=
[
G2pT

R2
φ2

]T
, and landmarks’

positions in the map M2,
G2XfM2

=
{

G2xfj
, j = 1 . . . n2

}
;

iii) the robot-to-robot distance and bearing measurements z = [ρ 1θ2
2θ1]

T .

The accuracy of the transformation between the two coordinate frames will

depend on that of the state estimate in (i) and (ii) and the relative measure-

ments in (iii). In the following section, we show the relations that describe

how errors in each of these quantities affect the accuracy of the aligned map.

4.2 Error Transformation

The augmented state vector, obtained by stacking the two state vectors esti-

mated by the robot independently, is

X =

[
G1X1
G2X2

]
∈ R

(m1+m2) (4.19)

and

X̃ =

[
G1X̃1
G2X̃2

]
=




G1x̃R1

G1X̃FM1

G2x̃R2

G2X̃fM2



∈ R

(m1+m2) (4.20)
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is the augmented state vector estimation error. In accordance with eqs. (4.1),

(4.3) and (4.4), X̃ includes the errors in robot poses and in feature coordinates.

The transformation t (4.12) described in Section 4.1 is nonlinear. In order

to compute the error in the transformed quantities G1xR2
= [G1pT

R2

G1φR2
]T

and G1xfj
, j = 1 . . . n2, we linearize these equations at the estimated quantities

G1X̃2 =
∂t(X, z)

∂X
X̃ +

∂t(X, z)

∂z
εz (4.21)

In particular, the Jacobians of G1pR2
, G1φR2

and G1xfi
(eqs. (4.17), (4.15),

and (4.18)) are computed with respect to the augmented state vector X (4.19)

and the measurement vector z (4.6).

4.2.1 Projecting M-Space Errors into Feature Space

The features are saved by the individual SLAM algorithm into the state vectors

GkXk (external to the EKF) as the coordinates of their endpoints G1XFM1
(4.3)

and G2XfM2
(4.4)). The estimation error covariance matrices produced by the

SLAM algorithm are

P11 = Cov

([
G1x̃R1

G1X̃PM1

])
(4.22)

P22 = Cov

([
G2x̃R2

G2X̃pM2

])
. (4.23)

where

G1X̃PM1
=




G1x̃P1

...
G1x̃Pi

...
G1x̃Pn1




(4.24)

G2X̃pM2
=




G2x̃p1

...
G2x̃pj

...
G2x̃pn2




(4.25)
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are the error vectors of the M-Space parameters of the two maps. Let

X̃P =




G1x̃R1

G1X̃PM1

G2x̃R2

G2X̃pM2



∈ R

(m1+m2) (4.26)

be the augmented vector including the estimation errors of the robot poses

and of the M-Space parameters. Since the two robots estimates are initially

independent, the augmented covariance matrix P is block diagonal,

P = E
[
X̃P X̃T

P

]
=

[
P11 0m1×m2

0m2×m1
P22

]
. (4.27)

The error G1p̃R2
on transformed robotR2 position , the error G1φ̃R2

on robot

R2 orientation, and the errors G1x̃fi
of map M2 features must be expressed

in function of the error vector X̃, as shown in eq. (4.21). Unfortunately, X̃

includes errors in the feature space, that the SLAM algorithm does not provide.

What is provided instead are the M-Space parameters estimation errors X̃P,

whose covariance is described by the covariance matrix P. We need a relation

between X̃ and X̃P.

The fundamental relation between small variations x̃p of the M-Space pa-

rameters and small variations x̃f of feature coordinates are

x̃f = B̃f(xf )x̃p

x̃p = Bf(xf )x̃f

Ipp = Bf(xf )B̃f(xf )

Let G1xFi
be a feature in the map M1 expressed w.r.t. frame 〈G1〉, and

G1xfj
a feature in the map M2 expressed w.r.t. frame 〈G1〉. The M-Space

parameters errors can be projected in feature space,

G1x̃Fi
= B̃f (

G1xFi
) G1x̃Pi

(4.28)

G2x̃fj
= B̃f(

G2xfj
) G2x̃pj

(4.29)
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Stacking the robot poses and all the features together, one obtains the

needed relation

X̃ = G1G2B̃ X̃P




G1x̃R1

G1X̃FM1

G2x̃R2

G2X̃fM2




= G1G2B̃




G1x̃R1

G1X̃PM1

G2x̃R2

G2X̃pM2




(4.30)

where G1G2B̃ is a block diagonal matrix

G1G2B̃ =




G1B̃F 0m1×m2

0m2×m1

G2B̃f




G1B̃F = B̃F =




I3×3

B̃f(
G1xF1

)
0

0
. . .

B̃f(
G1xFn1

)




G2B̃f =




I3×3

B̃f(
G2xf1

)
0

0
. . .

B̃f(
G2xfn2

)




(4.31)

It is important to remark that the B̃f projection matrices in eq. (4.31) are

4 × 4 matrices, regardless of the fact that the endpoints have been initialized

or not. This is needed to correlate the line endpoints with the rest of the map.

From now on, the G1(·) notation will be implied, and the reference frame

will be explicitly indicated only if it is different from 〈G1〉. So, B̃F is equivalent

to G1B̃F.
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4.2.2 Error on G1pR2

The equation (4.17) can be developed into:

G1pR2
= G1pR1

+ G1

R1
C(φ1)

R1pR2

=

[
x1

y1

]
+

[
cφ1 −sφ1

sφ1 cφ1

] [
ρc1θ2
ρs1θ2

]

=

[
x1 + ρc(φ1 + 1θ2)
y1 + ρs(φ1 + 1θ2)

]
(4.32)

The Jacobians of G1pR2
w.r.t. G1xR1

= [x1 y1 φ1]
T , G1XM1

= [xT
F1
. . . xT

Fn1

]T ,

G2xR2
= [x2 y2 φ2]

T , G2XM2
= [xT

f1
. . . xT

fn2

]T and z = [ρ 1θ2
2θ1]

T are:

∇G1xR1

(G1pR2
) =

[
1 0 −ρs(φ1 + 1θ2)
0 1 ρc(φ1 + 1θ2)

]

∇G1XM1

(G1pR2
) = 02×4n1

pR2T1 =
[
∇G1xR1

(G1pR2
) ∇G1XM1

(G1pR2
)
]

(4.33)

∇G2xR2

(G1pR2
) = 02×3

∇G2XM2

(G1pR2
) = 02×4n2

pR2T2 =
[
∇G2xR2

(G1pR2
) ∇G2XM2

(G1pR2
)
]

(4.34)

pR2Γ = ∇z(
G1pR2

) =

[
c(φ1 + 1θ2) −ρs(φ1 + 1θ2) 0
s(φ1 + 1θ2) ρc(φ1 + 1θ2) 0

]
(4.35)

Using these Jacobians, the error in the position of robot R2 expressed w.r.t.

global frame 〈G1〉 is:

G1p̃R2
=
[

pR2T1 02×(3+4n2)

]
X̃ + pR2Γ εz (4.36)
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4.2.3 Error on G1φR2

As before, in order to compute the error on G1φR2
(eq. (4.15)), the Jacobians

are needed:

∇G1xR1

(G1φR2
) = [0 0 1]

∇G1XM1

(G1φR2
) = 01×4n1

φR2T1 =
[
∇G1xR1

(G1φR2
) ∇G1XM1

(G1φR2
)
]

(4.37)

∇G2xR2

(G1φR2
) = 01×3

∇G2XM2

(G1φR2
) = 01×4n2

φR2T2 =
[
∇G2xR2

(G1φR2
) ∇G2XM2

(G1φR2
)
]

(4.38)

φR2Γ = ∇z(
G1φR2

) = [0 1 − 1] (4.39)

then,

G1φ̃R2
=
[

φR2T1 01×(3+4n2)

]
X̃ + φR2Γ εz (4.40)

As one can see from eqs. (4.36) and (4.40), only the robot R1 pose error

G1x̃R1
affects the robot R2 pose error G1x̃R2

, while other errors of the map M2

G2x̃fj
do not contribute.

4.2.4 Error on G1xfj

The eq. (4.16) can be developed into:

G1pG2
= G1pR1

+ G1

R1
C(φ1)

R1pR2
− G1

G2
C(φ)G2pR2

=

[
x1

y1

]
+

[
cφ1 −sφ1

sφ1 cφ1

] [
ρc1θ2
ρs1θ2

]
−
[
cφ −sφ
sφ cφ

] [
x2

y2

]

=

[
x1 + ρc(φ1 + 1θ2) − (x2cφ− y2sφ)
y1 + ρs(φ1 + 1θ2) − (x2sφ+ y2cφ)

]
(4.41)
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The eq. (4.18) can be rewritten by substituting G1pG2
from eq. (4.41),

G1xfj
=

[
G1pG2

G1pG2

]
+

[
G1

G2
C(φ) 02×2

02×2
G1

G2
C(φ)

]
G2xfj

=




x1 + ρc(φ1 + 1θ2) + (xAfi
− x2)c(φ1 + π + 1θ2 − 2θ1 − φ2) − (yAfi

− y2)s(φ1 + π + 1θ2 − 2θ1 − φ2)

y1 + ρs(φ1 + 1θ2) + (xAfi
− x2)s(φ1 + π + 1θ2 − 2θ1 − φ2) + (yAfi

− y2)c(φ1 + π + 1θ2 − 2θ1 − φ2)

x1 + ρc(φ1 + 1θ2) + (xBfi
− x2)c(φ1 + π + 1θ2 − 2θ1 − φ2) − (yBfi

− y2)s(φ1 + π + 1θ2 − 2θ1 − φ2)

y1 + ρs(φ1 + 1θ2) + (xBfi
− x2)s(φ1 + π + 1θ2 − 2θ1 − φ2) + (yBfi

− y2)c(φ1 + π + 1θ2 − 2θ1 − φ2)




(4.42)

The Jacobians needed to compute the error for feature fj are:

∇G1xR1

(G1xfj
) =




1 0 −ρs(φ1 + 1θ2) − sφ(xAfj
− x2) − cφ(yAfj

− y2)

0 1 ρc(φ1 + 1θ2) + cφ(xAfj
− x2) − sφ(yAfj

− y2)

1 0 −ρs(φ1 + 1θ2) − sφ(xBfj
− x2) − cφ(yBfj

− y2)

0 1 ρc(φ1 + 1θ2) + cφ(xBfj
− x2) − sφ(yBfj

− y2)




∇G1XM1

(G1xfj
) = 02×4n1

fjT1 =
[
∇G1xR1

(G1xfj
) ∇G1XM1

(G1xfj
)
]

(4.43)

∇G2xR2

(G1xfj
) =




−cφ sφ sφ(xAfj
− x2) + cφ(yAfj

− y2)

−sφ −cφ −cφ(xAfj
− x2) + sφ(yAfj

− y2)

−cφ sφ sφ(xBfj
− x2) + cφ(yBfj

− y2)

−sφ −cφ −cφ(xBfj
− x2) + sφ(yBfj

− y2)




∇G2XM2

(G1xfj
) =

[
04×4(j−1)

[
G1

G2
C(φ) 02×2

02×2
G1

G2
C(φ)

]
04×4(n2−j)

]

fjT2 =
[
∇G2xR2

(G1xfj
) ∇G2XM2

(G1xfj
)
]

(4.44)

fjΓ = ∇z(
G1xfj

) =

=




c(φ1 + 1θ2) −ρs(φ1 + 1θ2) − sφ(xAfj
− x2) − cφ(yAfj

− y2) sφ(xAfj
− x2) + cφ(yAfj

− y2)

s(φ1 + 1θ2) ρc(φ1 + 1θ2) + cφ(xAfj
− x2) − sφ(yAfj

− y2) −cφ(xAfj
− x2) + sφ(yAfj

− y2)

c(φ1 + 1θ2) −ρs(φ1 + 1θ2) − sφ(xBfj
− x2) − cφ(yBfj

− y2) sφ(xBfj
− x2) + cφ(yBfj

− y2)

s(φ1 + 1θ2) ρc(φ1 + 1θ2) + cφ(xBfj
− x2) − sφ(yBfj

− y2) −cφ(xBfj
− x2) + sφ(yBfj

− y2)




(4.45)

So, the error on feature fj expressed w.r.t. frame 〈G1〉 is :

G1x̃fj
=

[
fjT1

fjT2

]
X̃ + fjΓ εz (4.46)

(4.30)
=

[
fjT1

fjT2

]
G1G2B̃ X̃P + fjΓ εz (4.47)

To project the error G1x̃fj
, expressed in feature space, back into M-Space

G1x̃pj
, the fundamental relation must be used again,

G1x̃pj
= Bf (

G1xfj
) G1x̃fj

(4.48)



4.3. TRANSFORMING THE MAP 55

thus obtaining

G1x̃pj
= Bf(

G1xfj
)
[

fjT1
fjT2

]
G1G2B̃ X̃P + fjΓ εz (4.49)

4.3 Transforming the Map

Using the results of the previous sections, the pose and the map of robot R2

can now be described w.r.t. frame 〈G1〉. Before the two robots met, two

independent Kalman filter estimators were used for estimating the vectors

G1X1 and G2X2 (4.1), with feature estimation errors covariance given by P11

and P22 (eqs. (4.22) and (4.23)).

In order to align the two maps, we express G2X2 in the same frame as G1X1

(eq. (4.12) or equivalently eqs. (4.17), (4.15) and (4.18)). The new augmented

state vector is:

X′ =

[
G1X1
G1X2

]
=

[
G1X1

t(G1X1,
G2X2, z)

]
(4.50)

while the errors are described as:

X̃′ = B

([
Im1×m1

0m1×m2

T1 T2

]
G1G2B̃ X̃P +

[
0m1×3

Γ2

]
εz

)
(4.51)

where

T1 =




pR2T1
φR2T1
f1T1

...
fn2T1



, T2 =




pR2T2
φR2T2
f1T2

...
fn2T2



, Γ2 =




pR2Γ
φR2Γ
f1Γ
...

fn2Γ




(4.52)
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are the stacked Jacobians, and

B =




G1BF 0m1×m2

0m2×m1

G1Bf




G1BF = BF =




I3×3

Bf (
G1xF1

)
0

0
. . .

Bf(
G1xFn1

)




G1Bf = Bf =




I3×3

Bf (
G1xf1

)
0

0
. . .

Bf(
G1xfn2

)




(4.53)

B is a block diagonal matrix of all the Bf projection matrices, computed at

the features expressed w.r.t. frame 〈G1〉. As before, BF is equivalent to G1BF,

and Bf is equivalent to G1Bf .

If the non-initialized endpoints of the map M2 are not correlated with

the rest of the merged map, the EKF-based update procedure described next

would not affect them, reducing the quality of the merged map. For this

reason, similarly to eq. (4.31), the Bf projection matrices in eq. (4.53) are

4 × 4 matrices, regardless of the fact that the endpoints have been initialized

or not. This is needed to correlate the line endpoints with the rest of the map.

Finally, the covariance of the new system is computed as:

P′ = B

([
Im1×m1

0m1×m2

T1 T2

]
P̄

[
Im1×m1

TT
1

0m2×m1
TT

2

]
+

[
0m1×3

Γ2

]
Rz [03×m1

ΓT
2 ]

)
BT

where

P̄ = G1G2B̃ P G1G2B̃T

(4.54)
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Its blocks are

P′ =

[
P′

11 P′
12

P′
21 P′

22

]

P′
11 = BF B̃F P11 B̃T

F BF
T = P11

P′
12 = BF B̃F P11B̃

T
F TT

1 Bf
T = P11B̃

T
F TT

1 Bf
T

P′
21 = P′

12
T = Bf T1B̃F P11

P′
22 = Bf (T1B̃FP11B̃

T
FTT

1 + T2
G2B̃fP22

G2B̃T
f TT

2 + Γ2RzΓ
T
2 )Bf

T

This new merged map can now be used by the two robots to perform SLAM

independently, until they meet again.

4.4 Matching and Eliminating Duplicate Land-

marks

In this section we describe a method for determining duplicate landmarks and

use the landmarks common between the two maps as constraints to update

the merged map. It is very likely that the areas the two robots covered have

common regions before rendezvous. This means that a number of landmarks

might appear as duplicates in the new state vector that resulted by aligning and

merging the state estimates of the two robots. By employing this information,

one can improve the accuracy of the final map. Specifically, if all duplicate

landmark pairings are known, these can be used to reduce both the alignment

errors and the size of the state vector.

Two well known methods for searching for matching landmarks are the

Nearest Neighbor (NN) and Joint Compatibility Branch and Bound (JCBB)

algorithms. NN simply pairs only the closest two landmarks. If for each land-

mark in M2, we search through all landmarks in M1 for its nearest neighbor,

then the total complexity isO(n1·n2). JCBB finds the largest number of jointly

compatible pairings by searching among all the possible feature combinations,

pruning the search tree with branch and bound heuristics. The algorithm is

more robust but has a much higher computational cost.
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Considering the trade-off between robustness and complexity, we have se-

lected to use the NN algorithm. NN was deemed sufficient for the purposes of

the work presented here, because the positioning uncertainty of the landmarks

in the vicinity of the rendezvous location, expressed with respect to frame

〈R1〉, is relatively small. The landmarks located close to the area where the

two robots meet have a higher probability of being within the intersection of

the two maps and are the ones that can be reliably matched within the first

few iterations of the algorithm, to improve map alignment. For this purpose,

the search for matching landmarks is performed sorting the landmarks of the

map M1 (M2) in order of ascending distance from the robot R1 (R2).

After map alignment, the merged state vector is

X′ =




xR1

xF1

...
xFn1

xR2

xf1

...
xfn2




The distance between two features Fi ∈M1 and fj ∈M2 is computed in a

form similar to the innovation η (cf. eq. (3.32)),

Z = m− h(xFi
), i = 1 . . . n1

m = h(xfj
), j = 1 . . . n2

(4.55)

where the function h(·) has the same form as eq. (3.33).

If features xFi
and xfi

are the same, then Z should be zero. The correspond-

ing estimate Ẑ = h(x̂Fi
)−h(x̂fj

) can be used together with the pseudo-measure

(4.55) to compute an innovation η. So, Mahalanobis distance hypothesis test
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can be formulated as for the SLAM data association problem:

Z = h(xfj
) − h(xFi

) = 0 (4.56)

Ẑ = h(x̂fj
) − h(x̂Fi

) (4.57)

η = Φ(Z − Ẑ) = −ΦẐ (4.58)

S = H P′HT (4.59)

Dij = ηT S−1 η (4.60)

where

H =
∂η

∂X′ =

= Φ
[
04×3 04×(4i−4) HFi

04×(4n1−4i) 04×3 04×(4j−4) Hfj
04×(4n2−4j)

]

HFi
= −JηoJofB̃f (x̂Fi

)

Hfj
= JηoJof B̃f(x̂fj

)

Φ =

[
1 0 0 0
0 1 0 0

]

(4.61)

Dij is the Mahalanobis distance between features Fi e fj . Each Fi in M1 is

compared to every fj of M2 (j = 1 . . . n2) and the minimum Dij is determined.

If the minimum Dij is less than a certain threshold TD and the overlapping τij

is greater than a certain threshold Tτ , then it can be stated that landmarks Fi

and fj are the same. This constraint is imposed via an EKF update using the

innovation η (4.58),

K = −P′
− HT S−1 (4.62)

X′
+ = X′

− + B̃Kη (4.63)

P′
+ = P′

− −K S KT (4.64)
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where

B̃ =




G1B̃F 0m1×m2

0m2×m1

G1B̃f




G1B̃f =




I3×3

B̃f(
G1xf1)

0

0
. . .

B̃f (
G1xfn2

)




(4.65)

After this update, the feature xfj
is eliminated from the state vector X′

+

together with the corresponding rows and columns of the covariance matrix

P′
+. This process of searching for duplicates is repeated for all landmarks Fi

belonging to map M1.



Chapter 5

Single-robot SLAM Simulations

Chapter 3 introduced the single-robot SLAM algorithm using EKF and M-Space

feature representation. On the purpose of testing the SLAM algorithm, a simu-

lator has been developed using the MATLAB environment. The simulator can

run single-robot SLAM simulations, as well as two-robot SLAM simulations

with map fusion. In this chapter the simulations results for the single-robot

SLAM algorithm are presented and discussed.

5.1 The SLAM simulator software

In order to test the algorithm performance in realistic situations, CAD maps

of real buildings can be provided to the simulator for the robot to perform

SLAM therein. The robot travels across the given environment following a

given set of waypoints (see Fig. 3.3).

Robot moves according to eq. 3.22, and takes measurements as shown in

Fig. 3.4. The laser range finder provides a set of points, taking a measurement

every 1 degree, in a field of view of 180 degrees: its working is simulated with

a raytracing algorithm that computes the intersection of the laser beam with

the obstacles (lines) present in the CAD map. The line segment features are

extracted from the laser raw data as described in Section 3.5. The simulator

logs relevant data about the running experiment and can also capture a video,

to be played-back later in real-time.

61
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The simulations settings for the following experiments are listed below (see

Chapter 3 for reference about symbols).

Robot settings

• The robot linear speed is constant, v = 0.2m/s.

• The maximum achievable angular speed of the wheels is ωMAX = 9rad/s;

this influence the turning radius of the unicycle vehicle.

• The wheels have a radius of 15cm and the distance between the two

wheels is 50cm.

• The robot odometer runs at 10Hz (Ts = 0.1 s), while the measurements

are taken at a 2Hz frequency.

• The robot motion is affected by Gaussian white noises: the standard

deviation of linear speed noise is σv = αv|v(k)|
3
√

Ts
, and the standard deviation

of angular speed noise is σω = αω |ω(k)|+δω

3
√

Ts
, where αv = 0.03, αω = 0.02,

δω = 0.1 π
180

rad/s. The standard deviations are scaled by the
√
Ts term,

because a discrete-time motion model (3.22) is adopted.

Measurements settings

• The maximum distance measurable by the laser is ρMAX = 8 m.

• The field of view of the laser range finder is 180 degrees, i.e. the robot

can see in a sector of ±90 degrees with respect to its heading. The laser

takes a range measurement every 1 degree.

• The laser range measurements is affected by a Gaussian noise whose

standard deviation is σRANGE = 0.003 m. The bearing of the measure-

ments is affected by a Gaussian white noise whose standard deviation

is σBEARING = 0.16 π
180

rad. These noises affect the raw measurements,

while the measurement noise covariance matrix R is estimated as de-

scribed in Section 3.5.2.
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• The line features extracted from laser raw data are at least 20 cm long,

and are produced by fitting at least 15 consecutive points.

• The thresholds Tρ, Tα, and Tτ are the parameters for data association (see

Section 3.6), that determine the tolerance with which the measurements

are compared with the features that are already in the state.

• A feature must be seen at least 3 times, before being promoted from

the tentative list, and used to augment the EKF external state vector.

This parameter should be increased, when dealing with real environments

crowded with people. Figure 5.1 shows an example of initialization. In

subfigure (a) The point cloud is stored in the tentative list; in (b) the

line is seen again, and more points are added to the same cloud. Another

short line is detected at the right of the robot; finally, in (c) the long line

is considered a reliable feature, while the short line is removed from the

tentative list, since it has not been seen enough times.

a) b)

c)

Figure 5.1: The lines must be seen multiple times before being considered
reliable features.
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• When detected, the lines endpoints are used for augmenting the M-Space

dimensions of a feature (see Section 3.2.2) or to compute the innova-

tions for the EKF update. The only reliable endpoints are the ones in

correspondence of the intersection of two consecutive walls in the laser

scanning (see Figure 5.2).

Figure 5.2: The endpoints of the lines are detected in correspondence of two
walls intersection.

In each experiment, the robot starts from a known pose with Prr = 03×3. The

SLAM process is relative to the initial robot pose. Assuming initial known

location in the simulations is not a strong hypothesis, but is needed just be-

cause the simulation graphics (robot path, measured walls, raw measurements

clouds) are superimposed on the CAD ground truth.

For each experiment are reported the figure showing the SLAM result su-

perimposed to the ground truth, with the final 99.9% confidence ellipses on

the detected lines endpoints and robot position. Other plots show the course

of the robot pose error with respect to the confidence bands; the average line

parameters errors absolute values against time (orientation, normal distance,

and endpoints error, if detected); the standard deviations of the errors of the

line orientation and normal distance; finally, the percentage of inconsistent

feature estimates during the simulation.
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5.2 Simple Environment

The first simulation is performed in a 60 m2 environment composed by three

rooms. This simple map has been created in AUTOCAD. The real-time exper-

iment would take about 6 minutes. Figure 5.3 shows the resulting map. The

ground truth lines are light-colored, the lines mapped by the robot are darker.

For each detected line endpoint, the relative confidence ellipse is shown. The

confidence ellipse for the i-th feature endpoint is obtained from the feature

covariance submatrix Pppi
, after projecting it to the feature space,

Pffi
= B̃f(xfi

) Pppi
B̃T

f (xfi
).

−4 −3 −2 −1 0 1 2 3 4 5
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0

1

Figure 5.3: The map produced by the simulated single-robot SLAM in the
small test environment.

The robot pose error x̃r = [x̃r ỹr θ̃r]
T is shown in its components in Fig-

ure 5.4, compared with the 99.9% confidence bands. The robot pose estimate
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remains consistent during the whole experiment. The peaks in the confidence

bands of the robot orientation error correspond to the moments when the

robot is turning. The robot remains well localized during the whole experi-

ment, since the environment is small, and most of the features are initialized

when the robot has low uncertainty. At the end of the experiment, the robot

pose error is nearly zero.

0 50 100 150 200 250 300 350

−0.04

−0.02

0

0.02

0.04

Time (s)

x
r
(m

)

0 50 100 150 200 250 300 350

−0.05

0

0.05

Time (s)

y
r
(m

)

0 50 100 150 200 250 300 350

−2

−1

0

1

2

Time (s)

θ
r
(d

e
g
)

Figure 5.4: Simple map - The robot pose error components x̃r, ỹr and θ̃r

compared with the correspondent 99.9% confidence bands.

The absolute value of the estimated map average errors are shown in Figure

5.5. In particular, the first subplot shows the average error of the detected line

endpoints; the second subplot shows the average error of the lines orientations;

the third subplot shows the average error on the lines normal distance (posi-

tion). At the end of the experiment, the average endpoints error is about 3 cm,

the average lines orientation error is less than 0.5 degrees, while the lines dis-

tance error is less than 2 cm. In Figure 5.6, the average standard deviation of

the lines orientation error and of the line distance error are shown separately.

The high peaks correspond to new features initialization. In correspondence
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Figure 5.5: Simple map - Multiple figure showing the absolute values of the
detected line endpoints average error, of the line orientation average error, and
of the line normal distance average error.

of a loop closure at time t = 166 s, the average standard deviations decrease.

5.3 Complex Environment

The SLAM algorithm has been tested in a 3000 m2 scenario, using a simplified

CAD map of the second floor of the University of Siena Engineering Faculty

building, former the Insane Asylum “S. Niccolò”. This SLAM experiment is

challenging both for the length of the loops that the robot must perform before

coming back to already visited places, and for the high dimensionality of the

state that comes out to be estimated (more than 200 features). The two loops

in the simulation are closed successfully: the first loop is performed around

the left courtyard, and the second around the right courtyard. The real-time

experiment would take about 23 minutes. The Figure 5.7 shows the result of

the single-robot SLAM experiment. Some zoomed views of the resulting map
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Figure 5.6: Simple map - The average standard deviation of the line orien-
tation errors and of the line distance errors.

are shown in Figures 5.8, 5.9, and 5.10.

The robot pose error x̃r = [x̃r ỹr θ̃r]
T is shown in its components in

Figure 5.11, compared with the 99.9% confidence bands. This plot shows that

the robot pose estimate remains consistent during the whole experiment. The

peaks in the confidence bands of the robot orientation error correspond to the

moments when the robot is turning. At time t = 470 s of the simulation,

the confidence bands of the robot position collapse, in correspondence to the

first loop closure. At time t = 1180 s another loop closure occurs. The last

loop closure is at time t = 1360 s, when the robot comes back to its starting

position: the robot position error is less than 1 cm and the orientation error

is less than 0.2 degrees.

The absolute values of the estimated map average errors are shown in

Figure 5.12. In particular, the first subplot shows the average error of the

detected line endpoints; the second subplot shows the average error of the

lines orientations; the third subplot shows the average error on the lines normal
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Figure 5.7: The map produced by the simulated single-robot SLAM in the
S. Niccolò building.
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Figure 5.8: A zoomed view of the S. Niccolò map, showing the round wall of
the Electronics Lab.
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Figure 5.9: Another zoomed view of the S. Niccolò map, showing the area
where the robot starts and ends the SLAM experiment.
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Figure 5.10: The third zoomed view of the S. Niccolò map.
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Figure 5.11: Big map - The robot pose error components x̃r, ỹr and θ̃r

compared with the correspondent 99.9% confidence bands.
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distance (position). At the end of the experiment, the average endpoints error

is about 10 cm, the average lines orientation error is less than 0.5 degrees,

while the lines distance error is less than 10 cm.
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Figure 5.12: Big map - Multiple figure showing the absolute values of the
detected line endpoints average error, of the line orientation average error, and
of the line normal distance average error.

The qualitative plot of Figure 5.13 shows the course of the map covariance

submatrix trace square root
√

trc(Ppp). The high peaks correspond to new

features initialization. The trace remarkably decreases in correspondence of

the loop closures mentioned above, at t = 470 s and t = 1180 s. In Figure

5.14, the average standard deviation of the lines orientation error and of the

line distance error are shown separately.

Finally, Figure 5.15 shows the percentage of inconsistent features plotted

against time. In correspondence to the first loop closure, the number of incon-

sistent feature estimates jumps to 42%. This is due more to the shrinkage of

the map error confidence bands, than to an effective error increase. At the end

of the experiment, the inconsistent features are less than the 3% of the total.



5.3. COMPLEX ENVIRONMENT 73

0 200 400 600 800 1000 1200
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Time (s)

√

tr
c(

P
p
p
)

Figure 5.13: Big map - The covariance submatrix trace square root plotted
against time. The peaks are in corrispondence of the initialization of new
features.
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Figure 5.14: Big map - The average standard deviation of the line orientation
errors and of the line distance errors. The dashed vertical lines indicate the
loop closures.
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Figure 5.15: Big map - The percentage of inconsistent features. The dashed
vertical lines indicate the loop closures.



Chapter 6

Multi-robot SLAM Simulations

Chapter 3 introduced the single-robot SLAM algorithm using EKF and M-

Space feature representation. In Chapter 4, the map fusion algorithm, at the

base of the multi-robot SLAM algorithm adopted in this thesis, is described.

In Chapter 5, the experimental results of the single robot SLAM algorithm are

shown. In this chapter, the multi-robot SLAM algorithm simulations results

are presented and discussed. The experiments are executed using the original

MATLAB-based simulator described in Section 5.1, using the same settings

for the two robots.

Some additional settings for the two-robot SLAM simulations are described

in the following. Each robot is given a different set of waypoints to follow.

Their paths are planned so that they can meet once, and fuse their maps.

After the rendezvous, the robots continue the exploration in the area that was

explored by the other robot. This area is not new, because after the map

fusion, each robot gets a copy of the other one’s map.

The robots can see each other within a range of 2 m, inside the same field

of view of the laser range finder, a 180 degrees sector in the front. The mutual

measurements (see Section 4.1.2) are affected by Gaussian white noises, whose

standard deviations are σρm = 0.02 m and σθm = 2 π
180

rad for the distance and

bearing respectively. The data association thresholds TD and Tτ for the map

matching (see Section 4.4) determine the tolerance with which the duplicate

features are deemed to be the same.
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In each experiment, the robots start from known poses with Prri
= 03×3, i =

1, 2. For each experiment are reported the two figures showing the SLAM re-

sults for the two robots, superimposed to the ground truth, with the final

99.9% confidence ellipses on the detected lines endpoints and robot position.

Other plots show the course of the robot pose error with respect to the confi-

dence bands; the average line parameters errors absolute values against time

(orientation, normal distance, and endpoints error, if detected); the standard

deviations of the errors of the line orientation and normal distance; finally, the

percentage of inconsistent features during the simulation.
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6.1 Simple Environment

The first simulation is performed in a 150 m2 environment, resembling the

second floor of the “S. Niccolò” building. This simple map has been created

in AUTOCAD. The real-time experiment would take about 6 minutes. The

robots close the loop about at t = 145 s, and meet at t = 209 s. The resulting

maps made by the robots R1 and R2 are shown in Figure 6.1 (a) and (b)

respectively. The ground truth lines are light-colored, the lines mapped by

the robot are darker. For each detected line endpoint, the relative confidence

ellipse is shown.
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Figure 6.1: The maps produced by the simulated multi-robot SLAM in the
small test environment. (a) The map of robot R1. (b) The map of robot R2.
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As described in Section 4.4, the duplicate features that are found in the

merged map after the alignment are used as constraints to improve the map

fusion. The effect of these updates is shown in Figure 6.2, before (a) and after

having imposed the constraints and having removed the matching duplicate

features (b).

a)

b)

Figure 6.2: Simple map fusion - The matching duplicate features are used as
constraints to improve the map alignment: (a) before the updates, (b) after
imposing the constraints.
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The robots pose errors x̃r = [x̃r ỹr θ̃r]
T are shown in their components

in Figure 6.3, compared with the 99.9% confidence bands. The robots pose

estimates are consistent, and the robots remain well localized during the whole

experiment. At the end, the robots pose errors are nearly zero.
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Figure 6.3: Simple map fusion - The robots pose errors components x̃r, ỹr

and θ̃r compared with the correspondent 99.9% confidence bands: (a) robot
R1, (b) robot R2. The loop closures are marked with L.C.
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The average error absolute values of the maps estimated by the robots are

shown in Figure 6.4. At the end of the experiment, for robot R1, the average

endpoints error is less than 4 cm, the average lines orientation error is less than

0.4 degrees, while the lines distance error is less than 7 cm; for robot R2, the

average errors are less than 5 cm, less than 0.6 degrees, and less than 10 cm

respectively.
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Figure 6.4: Simple map fusion - Multiple figure showing the absolute values
of the detected line endpoints average error, of the line orientation average
error, and of the line normal distance average error: (a) robot R1, (b) robot
R2. The star marks indicate the instant of the rendezvous.
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In Figure 6.5, the average standard deviation of the lines orientation error

and of the line distance error are shown separately, for both robots. The high

peaks correspond to new features initialization.
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Figure 6.5: Simple map fusion - The average standard deviation of the line
orientation errors and of the line distance errors: (a) robot R1, (b) robot R2.
The star marks indicate the instant of the rendezvous.

The maps of the two robots are completely consistent before the ren-

dezvous. After the map fusion, the inconsistent features in both maps are

less than the 2% of the total.
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6.2 Complex Environment

The multi-robot SLAM algorithm has been tested in the “S. Niccolò” building,

the same 3000 m2 scenario of the experiment shown in Section 5.3. The robots

first explore the area around a courtyard each, and then meet to fuse the

two maps. The robot R1 closes the loops around the left courtyard around

t = 530 s, and robot R2 closes its loop around the right courtyard at t = 590 s.

They meet at t = 925 s: if the experiment ended at this time, each robot would

have had the map of almost the entire floor already. But the experiment goes

on, and each of the robots goes to explore the area covered by the other

robot, remaining localized quite well, exploting the information got after the

rendezvous. The real-time experiment would take about 26 minutes. The

Figure 6.6 shows the maps produced by the SLAM algorithm for robot R1

(subfigure (a)), and robot R2 (subfigure (b)).

As described in Section 4.4, the duplicate features that are found in the

merged map after the alignment are used as constraints to improve the map

fusion. The effect of these updates is shown in Figure 6.7, before (c) and after

having imposed the constraints and having removed the matching duplicate

features (d).
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Figure 6.6: The maps produced by the simulated multi-robot SLAM in the
S. Niccolò building: (a) the map of robot R1, (b) the map of robot R2.
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a) b)

c)

d)

Figure 6.7: Big map fusion - The matching duplicate features are used as
constraints to improve the map alignment: (a) the map of robot R1 before
the rendezvous, (b) the map of robot R2 before the rendezvous, (c) the fused
map before imposing the constraints (d) the fused map after imposing the
constraints.
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The robots pose errors are shown in their components in Figure 6.8, com-

pared with the 99.9% confidence bands. The robots pose estimates lose con-

sistence after the map fusion, because the robots try to localize with respect

to some inherited features that are not consistent. At the end, the robot R1

position error is less than 7 cm and orientation error is less than 0.5 degrees;

the robot R2 position error is less than 10 cm and orientation error is less than

0.2 degrees.
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Figure 6.8: Big map fusion - The robots pose errors components x̃r, ỹr and
θ̃r compared with the correspondent 99.9% confidence bands: (a) robot R1,
(b) robot R2.
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The average error absolute values of the maps, estimated by the robots, are

shown in Figure 6.9. At the end of the experiment, for robot R1, the average

endpoints error is less than 20 cm, the average lines orientation error is less

than 0.4 degrees, while the lines distance error is less than 12 cm; for robot R2,

the average errors are less than 15 cm, less than 0.35 degrees, and less than

10 cm respectively.
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Figure 6.9: Big map fusion - Multiple figure showing the absolute values of
the detected line endpoints average error, of the line orientation average error,
and of the line normal distance average error: (a) robot R1, (b) robot R2.
The star marks indicate the instant of rendezvous, while the loop closures are
marked with L.C.
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In Figure 6.5, the average standard deviation of the lines orientation error

and of the line distance error are shown separately, for both robots. The high

peaks correspond to new features initialization.
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Figure 6.10: Big map fusion - The average standard deviation of the line
orientation errors and of the line distance errors: (a) robot R1, (b) robot R2.
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Figure 6.11 shows the percentage of inconsistent features for the two robots

plotted against time. The inconsistent features in map M1 are less than the

3% at the end of the experiment, while the inconsistent features in map M2

arrive to the 15% after the rendezvous.
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Figure 6.11: Big map - The percentage of inconsistent features in the maps
built by: (a) robot R1, (b) robot R2. The star marks are indicate the instant
of the rendezvous.

6.3 Performance Comparison

In this section, the advantages of multi-robot SLAM are discussed from a

qualitative point of view. The map fusion is shown to solve the loop closure

problem, using the quantitative results of several experiments carried out in

a simple environment. As introduced in Section 2.3, the advantages of multi-

robot SLAM compared againts single-robot SLAM are:

• the ability to build the map of the same environment in less time, achiev-

ing the same quality in terms of errors and uncertainty of the map;

• the improved quality of the map, given the same exploration time;

• the fact that each robot has to maintain a smaller number of features,

at least until the rendezvous.
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The multi-robot SLAM simulations presented in this chapter showed how

a team of two robots can build a map in less time than a single robot would

do. In the simple environment case, a single robot would take 7′15” to build

the map, while two robots take only 3′29”; after the rendezvous, their maps

are mutually completed by the map fusion. In the complex environment case,

the time required by two robots is about 15 minutes, instead of 23 minutes

needed by a single robot.

In order to test the map quality improvement, given the same exploration

time and the same path travelled, some experiments have been performed in

particular conditions. The robot-to-robot measurement noises are now set to

an order of magnitude less than the laser range finder measurements, i.e. the

rendezvous is assumed to be almost ideal. The test environment is shown in

Figure 6.12. The environment has only 4 features.
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Figure 6.12: Test environment used to compare the performance of multi-
robot SLAM agains single-robot SLAM.

During their travel, both robots see all the features, but with increasing

uncertainty: in fact, the more the time passed from the experiment beginning,

the more the motion uncertainty affects the initialized features. The robots

do not close the loop on their own, so they can only rely on the information

provided by the other robot, after the map fusion, to close the loop and to

improve both the map and their pose estimate.
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First, some experiments are run without allowing the robots to meet and

fuse the maps, i.e. they run in the same environment without interacting. In

this case, the pose and map uncertainty cannot be reduced, since the robots

do not close the loop and do not meet. The results of these single robot

experiments are reported in Tables 6.1 and 6.2. Each table reports, for each

row (experiment), the line orientation and position errors |eγ| and |eρ|, the

corresponding standard deviations σγ and σρ, the robot pose error |epR
|, |eθR

|,
and the standard deviation of the robot pose components error σx, σy, σθ.

Then, other experiments are run allowing the robot rendezvous and the

map fusion. In this case, the uncertainty and the errors of the robots poses

and of the maps are reduced, by imposing the constraints between the duplicate

features in the maps. The results are reported in Tables 6.3 and 6.4.

Table 6.1: Results of single-robot SLAM experiments (robot R1): the last
row reports the average values of the columns.

|eγ | |eρ| σγ σρ |epR | |eθR
| σx σy σθ

0.3085 0.0084 0.0815 0.0416 0.0561 0.0239 0.0661 0.0591 0.9315
0.6492 0.0608 0.1105 0.0406 0.0585 0.0235 0.0688 0.0709 0.9825
0.0801 0.0253 0.0803 0.0416 0.1043 0.0119 0.0661 0.0587 0.9166
0.2278 0.0485 0.1125 0.0407 0.1610 0.0020 0.0691 0.0707 0.9733
0.0611 0.0074 0.0804 0.0417 0.0500 0.0016 0.0650 0.0570 0.8688
0.2543 0.0279 0.1110 0.0406 0.0487 0.0091 0.0695 0.0707 0.9815
0.2857 0.0153 0.0787 0.0415 0.0498 0.0081 0.0656 0.0584 0.9235
0.1969 0.0624 0.1129 0.0407 0.1790 0.0038 0.0689 0.0701 0.9673
0.0542 0.0091 0.0794 0.0415 0.0239 0.0034 0.0652 0.0578 0.8908
0.5863 0.0276 0.1141 0.0405 0.1764 0.0230 0.0692 0.0694 0.9627
0.0768 0.0274 0.0806 0.0418 0.0536 0.0052 0.0658 0.0585 0.9088
0.1774 0.0212 0.1127 0.0407 0.0812 0.0080 0.0692 0.0702 0.9661
0.1759 0.0080 0.0803 0.0417 0.0761 0.0034 0.0657 0.0585 0.9019
0.1253 0.0106 0.1122 0.0406 0.1220 0.0057 0.0691 0.0699 0.9650
0.0646 0.0070 0.0778 0.0413 0.0246 0.0017 0.0662 0.0589 0.9441
0.5182 0.0294 0.1116 0.0406 0.0739 0.0361 0.0684 0.0713 0.9766
0.2401 0.0248 0.0960 0.0411 0.0837 0.0107 0.0674 0.0644 0.9413

The results of the single and multi-robot cases are summarized in Table 6.5,

averaging the results of the two robots for each case. From these results is clear

that in the multi-robot case, the map fusion improve the map quality in term of

error and uncertainty reduction. Also the robot poses estimates are improved.

Since the uncertainty introduced by the mutual robot measurements is very
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Table 6.2: Results of single-robot SLAM experiments (robot R2): the last
row reports the average values of the columns.

|eγ | |eρ| σγ σρ |epR | |eθR
| σx σy σθ

0.0880 0.0363 0.0798 0.0414 0.0721 0.0028 0.0660 0.0586 0.9205
0.2032 0.0494 0.1130 0.0408 0.0295 0.0197 0.0697 0.0705 0.9797
0.2373 0.0283 0.0809 0.0417 0.0278 0.0236 0.0661 0.0582 0.9068
0.2907 0.0275 0.1111 0.0407 0.0638 0.0302 0.0698 0.0706 0.9794
0.1546 0.0224 0.0809 0.0417 0.0212 0.0034 0.0654 0.0578 0.8874
0.0807 0.0476 0.1124 0.0407 0.1503 0.0068 0.0693 0.0710 0.9827
0.0899 0.0094 0.0810 0.0417 0.0602 0.0156 0.0660 0.0583 0.9026
0.2649 0.0458 0.1129 0.0407 0.1622 0.0044 0.0693 0.0705 0.9815
0.1117 0.0384 0.0813 0.0417 0.1259 0.0014 0.0655 0.0578 0.8867
0.1636 0.0070 0.1108 0.0406 0.0442 0.0031 0.0689 0.0704 0.9694
0.1044 0.0214 0.0792 0.0414 0.1080 0.0215 0.0661 0.0589 0.9420
0.3539 0.0201 0.1132 0.0407 0.1590 0.0152 0.0696 0.0706 0.9795
0.1576 0.0330 0.0819 0.0418 0.0732 0.0071 0.0658 0.0587 0.9063
0.2765 0.0607 0.1138 0.0406 0.1298 0.0190 0.0698 0.0707 0.9802
0.0960 0.0291 0.0800 0.0417 0.0997 0.0043 0.0660 0.0586 0.9158
0.2077 0.0578 0.1139 0.0406 0.1428 0.0230 0.0693 0.0712 0.9851
0.1800 0.0334 0.0966 0.0412 0.0918 0.0126 0.0677 0.0645 0.9441

small, the duplicate features (inherited from the other map), used as pseudo-

measurements, have about the same uncertainty as the corresponding features

already in the map. This corresponds to measuring the same features twice

with comparable precision, thus reducing the uncertainty of the estimates.
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Table 6.3: Results of multi-robot SLAM experiments (robot R1): the last
row reports the average values of the columns.

|eγ | |eρ| σγ σρ |epR | |eθR
| σx σy σθ

0.1806 0.0148 0.0636 0.0209 0.0244 0.0026 0.0253 0.0272 0.4749
0.1960 0.0328 0.0706 0.0206 0.0501 0.0050 0.0231 0.0213 0.2255
0.0785 0.0286 0.0661 0.0326 0.0634 0.0019 0.0376 0.0400 0.5693
0.1335 0.0287 0.0736 0.0316 0.0370 0.0005 0.0336 0.0338 0.2985
0.0879 0.0069 0.0657 0.0326 0.0632 0.0166 0.0374 0.0419 0.6400
0.1216 0.0269 0.0735 0.0316 0.0548 0.0006 0.0335 0.0338 0.2957
0.1855 0.0131 0.0669 0.0327 0.0580 0.0131 0.0375 0.0409 0.5998
0.1197 0.0153 0.0669 0.0324 0.0161 0.0039 0.0372 0.0417 0.6362
0.0813 0.0125 0.0669 0.0327 0.0245 0.0081 0.0376 0.0409 0.6027
0.2336 0.0364 0.0741 0.0316 0.0532 0.0114 0.0337 0.0338 0.2989
0.2627 0.0187 0.0803 0.0428 0.0225 0.0087 0.0377 0.0465 0.5438
0.2397 0.1148 0.0879 0.0419 0.2014 0.0109 0.0338 0.0420 0.3045
0.2514 0.0123 0.0665 0.0326 0.0219 0.0046 0.0375 0.0377 0.4868
0.2459 0.0599 0.0744 0.0317 0.0882 0.0001 0.0336 0.0338 0.2998
0.0864 0.0219 0.0664 0.0327 0.0441 0.0013 0.0375 0.0407 0.5991
0.0677 0.0250 0.0745 0.0317 0.0416 0.0034 0.0336 0.0338 0.2961
0.1608 0.0293 0.0711 0.0320 0.0540 0.0058 0.0344 0.0369 0.4482

Table 6.4: Results of multi-robot SLAM experiments (robot R2): the last
row reports the average values of the columns.

|eγ | |eρ| σγ σρ |epR | |eθR
| σx σy σθ

0.0674 0.0140 0.0658 0.0323 0.0211 0.0071 0.0376 0.0388 0.5409
0.0205 0.0089 0.0650 0.0324 0.0406 0.0074 0.0375 0.0388 0.5379
0.1228 0.0139 0.0730 0.0317 0.0136 0.0063 0.0339 0.0338 0.3000
0.1221 0.0124 0.0664 0.0324 0.0097 0.0024 0.0374 0.0375 0.4885
0.2073 0.0234 0.0659 0.0325 0.0343 0.0031 0.0376 0.0382 0.5120
0.0760 0.0301 0.0736 0.0317 0.0531 0.0040 0.0337 0.0338 0.2995
0.0665 0.0139 0.0742 0.0317 0.0383 0.0013 0.0335 0.0338 0.2966
0.2859 0.0217 0.0656 0.0324 0.0430 0.0093 0.0373 0.0447 0.7325
0.1939 0.0610 0.0732 0.0315 0.0920 0.0046 0.0331 0.0336 0.2903
0.1628 0.0285 0.0653 0.0325 0.0405 0.0037 0.0374 0.0384 0.5096
0.1114 0.0218 0.0656 0.0326 0.0639 0.0010 0.0375 0.0400 0.5705
0.1185 0.0110 0.0655 0.0325 0.0234 0.0003 0.0374 0.0418 0.6367
0.2232 0.0857 0.0741 0.0317 0.1259 0.0079 0.0337 0.0339 0.3004
0.2083 0.0175 0.0657 0.0325 0.0356 0.0074 0.0377 0.0373 0.4733
0.1439 0.0241 0.0733 0.0316 0.0613 0.0025 0.0338 0.0339 0.3022
0.5528 0.0506 0.0896 0.0466 0.0572 0.0150 0.0586 0.0338 0.2970
0.1677 0.0274 0.0701 0.0331 0.0471 0.0052 0.0374 0.0370 0.4430

Table 6.5: Average results of the single and multi-robot SLAM experiments.

|eγ| |eρ| σγ σρ |epR
| |eθR

| σx σy σθ

single 0.2101 0.0291 0.0963 0.0411 0.0878 0.0116 0.0675 0.0644 0.9427

multi 0.1642 0.0283 0.0706 0.0325 0.0506 0.0055 0.0359 0.0369 0.4456



Chapter 7

Conclusions

In this thesis, a multi-robot SLAM algorithm has been presented. The map

of the environment is built using line segments and the features uncertainty is

represented using the M-Space representation.

The M-Space feature representation allows one to specify the line segment

feature location and extent, while expressing its uncertainty in a different

space, corresponding to the partial information provided by the robot sen-

sors. The uncertainty is expressed in a frame attached to the features, so to

avoid the lever-arm effect.

In particular, the single-robot SLAM problem has been posed as a state

estimation problem, and solved with the Extended Kalman Filter. The multi-

robot SLAM algorithm relies on the fact that the robots meet and measure

their relative distance and bearing to each other. These measurements are used

to compute the transformation between their maps reference frames. If the two

maps significantly overlap, the duplicate features found in the aligned map are

used to impose constraints between the two maps, improving the quality of the

alignment. This map fusion approach does not assume that the robots initial

positions are known. The multi-robot SLAM algorithm has been described for

the two-robot case, but can be extended to a larger team of robots, repeating

the map fusion procedure for each pair of robots.

The SLAM algorithm has been tested with a custom simulator, developed

in the MATLAB environment. The simulated robots are unicycles and are
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equipped with a laser range finder, which working is implemented by a raytrac-

ing algorithm. The simulator can load CAD maps of real indoor environments,

allowing realistic performance tests. First the single-robot SLAM algorithm

has been tested in a small map and subsequently in a 3000m2 scenario, using a

simplified CAD map of the second floor of the University of Siena Engineering

Faculty building.

The multi-robot SLAM technique has been tested in a small environment,

and then on the large map of the Engineering Faculty building, showing that

a team of robots can build a map in a shorter time than a single robot.

The performance of the multi-robot SLAM and of the single-robot SLAM has

been compared through a serie of simulations in a test environment, showing

that more robots can collaborate to solve the loop closure problem, exploring

smaller areas of the same environment. Also, the computational burden is

reduced, since every robot must maintain a smaller submap.

An aspect that remains to be experimentally tested is the capability of a

team of mobile robots to perform SLAM of the same an environment with

greater precision than a single robot, given the same exploration time and

path travelled. In the future, more experiments, aimed to get a quantitative

evidence of this improvement, will be carried out.

Besides the encouraging results obtained, there are still some practical is-

sues to deal with, in order to develop successful real world applications. The

data association algorithm used in the simulator has a computational com-

plexity of O(n ·m), where n is the number of the measurements and m is the

number of the already known features. This computational complexity could

be reduced by using different multi-dimensional search techniques. The search

for duplicate matching features between the two maps would benefit from the

same complexity improvement.

Furthermore, another aspect of the M-Space feature representation could

be implemented. When two walls are recognized to share a common corner,
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the two corresponding line features in the map share an endpoint. The shared

endpoint coordinates cause a change in the M-space, in order to handle the

update of these common parameters.

Finally, towards the goal of realizing a team of mobile robots that perform

multi-robot SLAM in vast indoor environments, the proposed algorithm could

be implemented on real robots.
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